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This exam has TWO (2) Sections for a total of 100 Points
Section 1: Signals and SYSIEMS......ccoiiiiiiiiii e 60 Points
SECHON 2: CONTIOI oo 40 Points

= Please answer ALL questions + ALL Answers MUST Be Justified <
(answers alone are not sufficient)

= PLEASE RECORD ALL ANSWERS IN THE ANSWER BOOKLET <«

(Any material not in Answer Booklet(s) will not be seen.
In particular, the exam questions paper will not be graded or reviewed.)

Section 1: Signals and Systems
Please Record Answers in the Answer Booklet (8 Questions | 60 Points)

1. Briefly give THREE advantages of digital signals over analogue signals and TWO
advantages of analogue signals over digital signals?
(5 Points)

2. Given a discrete-time unit impulse response with the following difference equation:

yin]=3:-8n-4]-6[n+ 0]+ é[n+ 7] + 4-6[n + 2]

A. What is its Z-transform?
(i.e., what is Y(2))?

B. What is its frequency (or Fourier) response?
(i.e., what is Y(m)) .
[hint: for partial credit, you may leave it in terms of the phasor e/®]

(5 Points)

3. You may recall the “Wagon Wheel Effect” optical illusion

A. Explain, in terms of the Sampling Theorem, why the wheel _-n}}\\“,//‘,//:.
of a car in a movie can appear to turn the wrong way. What 5= =
signal processing is performed by the brain when analogue {’//In\\{{‘
motion is perceived while viewing a correctly projected
motion-picture?

B. Typical “HD Cinema” is 24fps progressive scan. If we assume a global
shutter, how fast does a wheel need to turn (in revolutions/minute (rpm)) so as
to appear to go backwards.

(5 Points)
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4. The frequency response magnitude of a normalised Butterworth filter of order n
IS given by:
1

V1 + w2

A. Please determine the transfer function of a 2"%-order, high-pass Butterworth
filter with cut-in frequency equal to 6 kHz.

B. At what frequency is the gain of this filter —2dB? —20dB?

|Hn(w)| =

(5 Points)

5. Consider the following input sequence to a linear time invariant system
{X[Tl]}g = {0'3'1'0' _1}

A. Write the difference equation for x[n] in terms of the impulse function §[n].

B. Write the output sequence y[n] in terms of the impulse response function
h[n].

C. Hence, show that the output y[n] of a linear time invariant system is a discrete

convolution of the input sequence x[n] and the impulse response function
h[n].

(5 Points)
6. For the sequence
x[n] = {0,3,0,0,4,0,—7,1,0}

And, an up-sampling factor of L = 2, please reconstruct the output sequence
x(t) via:

A. A Zero Order Hold (ZOH) interpolation approach
B. A Whittaker—Shannon (sinc) interpolation approach

[Hint: Presenting our answer as either a function or a plot is acceptable.]
(10 Points)

(Questions Continue Overleaf)
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7. Consider the digital filter given by:

O . (0
x[n] - v ¥+J yln]
51
-1 -2 f
’ O,
—1 ’i

For this filter

A.

moow

Determine if itis an IR or FIR

Calculate the difference equation

Calculate the first four (4) samples of the impulse response
Calculate the gain at DC (i.e., w = 0)

Calculate the gain at the Nyquist frequency (i.e., w = %)

(10 Points)

8. Inspired by an Irish ballad, Mr Crooner plans to quit his job and form the band Me2.
He plans to record his songs digitally to compact disc (CD). Assume that the songs
have frequencies ranging from 100 Hz-1,100 Hz (i.e. 1.1 kHz).

A.
B.
C.

In this case, what is the Nyquist rate?
Briefly, what is an assumption about the clock/sampler for digital signals?

A CD actually uses 44,100 samples/s. If the samples are quantized into 65,536
levels (L = 65,536), determine the number of binary digits required to
encode a 3:24 (3 minute and 24 second) long song?

Mr. Crooner’s agent, Stephen Cacophonous, has no time for so many samples
and wants to record songs using 2,000 samples/sec instead.
What will happen? Will there be aliasing? If so, what frequencies will alias?

Besides adding an additional anti-aliasing filter, suggest a way that aliasing
(if it exists) can be removed from the above case (in D) without changing the
sample rate (from 2,000 samples/sec).

(15 Points)

(Questions Continue Overleaf)
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Section 2: Control

Please Record Answers in the Answer Booklet (3 Questions | 40 Points)

9. Consider an electric motor with shaft angular velocity w. The motor is controlled by
input voltage u(t) = € + Ri. The equations of motion for the system are:

= Aw
T=A
Lw=rt

where I, = 1.35 x 10~* Nm/rad/s2 is the rotational inertia of the rotor, 7 is the
output torque of the motor in Nm, 2 = 795 x 1073 V/rads-1 is the flux-linkage
coefficient of the motor and R = 0.01Q is the motor internal resistance.

A

Derive a discrete transfer function from w(t) to w for this plant, using the
matched pole-zero method. Draw the system’s poles and zeros, if any, on the
z-plane.

How will the system’s dynamic response change under unit feedback, if the
sample period is gradually increased? Draw the approximate path on the z-
plane diagram in part a.

(10 Points)

10. A quadrotor drone manoeuvers by changing thrusts on opposite pairs of rotors.
Consider a simple planar linear model of a quadrotor's pitch angle dynamics:

160 = 2dk(Aw(t))

Where 6 is the pitch angle, I is the vehicle's rotational inertia, d is the rotor arm
length, k is an aerodynamic constant, Aw(t) is an instantaneous rotor velocity delta
(the control parameter).

A
B.

C.

Derive a continuous transfer function of the plant, from Aw(t) to 6

Digitise the continuous transfer function for sample time T using Euler's
method.

Plot the transfer function's poles on the z-plane and draw the system root locus
under closed loop feedback.

Sketch the positions of the poles and zeros of a digital PD controller that
would stabilise pitch angle under feedback control, and draw the approximate
path of the closed loop pole positions with increasing gain.

Sketch the positions of the poles and zeros of a digital PD controller that
would stabilise pitch angle under feedback control, this time incorporating the
extra dynamics of the motor system described in question 1, and draw the
approximate path of the closed loop pole positions with increasing gain.

How should the PD controller be changed to accommodate the added motor
dynamics?

(20 Points)
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11. Political Signals
The despot known as “Shekhar the Horrible" rules the land with an iron fist.

Four powerful factions support Lord Chandra: the Illuminati, the Cryptofascists, the
Central Administration and the People for the Ethical Treatment of Academics. These
groups determine their support for Lord Chandra’s regime based on the daily
newspaper they each receive, basing their opinions on other rival factions' reported
opinions. Chandra will be overthrown if the combined opinions of the Illluminati and
the Cryptofascists exceeds some very large (but finite) value of dissatisfaction*.
Under Lord Shekhar's corrupt rule, the daily newspaper has become unreliable and
delays are expected. The People for the Ethical Treatment of Academics and the
Central Administration both receive their newspapers a day late. The Illuminati's and
Crypofascists' newspapers are not delayed.

After receiving their daily papers:

* The opinion of the Illuminati's will be half that of the Central Administration.

» The Cryptofascists opinion will be the same as the People for the Ethical
Treatment of Academics'.

* The People for the Ethical Treatment of Academics' opinion will be the same as
the Illuminati's opinion (from yesterday).

» The opinion of the Central Administration will be the negative of the
Cryptofascists' opinion (from yesterday).

(*It doesn’t matter how satisfied the constituents ever become - nobody cares that you
had a parade in your honour yesterday or tomorrow, if you're deposed and beheaded
today.)

A. (10%) Will Shekhar the Horrible's dire reign last forever? Prove your answer
analytically.

B. (10% extra credit) Using part a, comment on the importance of timely public
infrastructure to stable governance.

(10 points + 10 marks extra credit)

END OF EXAMINATION

(See Tables Overleaf)
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Table 1: Commonly used Formulae
The Laplace Transform

F(s) = / ft)e* dt
0
The Z Transform

F(z)=)_ fln]z™"

2 t wdAt
W, = — tan
At 2

21—z
ST AL+ )

IIR Filter Pre-warp

Bi-linear Transform

FIR Filter Coefficients
At w /At
Cp = — Hy(w) cos(nwAt) dw
T Jo
Table 2: Comparison of Fourier representations.
Time Periodic Non-periodic
Domain
Discrete Fourier Discrete-Time
o Transform Fourier Transform o
e~ N_l o0 Y
() - 1 ) ; i S
S — = —j2nkn/N X (W) = jwn b
g X[k] I nz:o z[nle (e’) n;ool'[”}e %
Q N ; 1 [ «
. ) - Jw) ,jwn
F[n] = X[k]eJ%k”/N x[n] oy /_WX(e )6 dw
k=0
Complex Fourier Series Fourier Transform
(&)

4 /2 » o0 o Q
g X[k‘] — ]‘/ ,i‘(t)e_j27rkt/T dt X(]LL)) = / ﬂ?(t)@ J tdt g
= T —T/2 —00 .:
S 1 [ . 8_
S s : x(t) = / X (jw)e! dw ]
Q E(t) = X [k]es2mkt/T o1 oo S

Discrete Continuous Freq.

Domain
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Table 3: Selected Fourier, Laplace and z-transform pairs.

Signal — Transform ROC
i)=Y dln—pN] &5 X[k = %
p=—00
zn] = 6[n] &L X(e) =1
- 1
)=y ot—pl) < X[k = -
p=—00
. FT, : 2T
or[t] = p;ood(t —pT) — X(jw)= T kz_:ood(w — kuwo)
cos(wot) <5 X(jw) = m6(w — wp) + T8 (w + wo)
sin(wot) LN X(jw) = jmd(w + wp) — jmd(w — wp)
1 wh < To, , i
o(t) = when ]t| 0 T, X(juw) = 2sin(wTp)
0 otherwise. w
1 . FT , 1 when |w| < |w,|,
t) = —sin(w,t X (jw) =
z(?) Wtsm(w ) = () {0 otherwise.
) =6(t) & X(jw)=1
x(t) = d(t — to) LN X (jw) = e I«h
)= u(t) 5 X(jw) = 76(w) + —
Jw
wfn] = Zsincwen S X () = {1 when |C.u| < el
™ 0 otherwise.
z(t)=0(t) & X(s)=1 all s
. L 1
(unit step) z(t) = u(t) < X(s)= B
. L 1
(unitramp) z(t) =t << X(s) = =
. L _ S0
x(t) =sin(spt) << X(s) 1 57)
x(t) = cos(spt) <> X(s)= (321—1— ey
z(t) = eu(t) & X(s) = — Re{s} > Reso}
— 5o
z[n] =dn] & X(z)=1 all z
zln]=0n—-—m] <& X()=z"
z z
z[n] =un] < X(z2) pop|
n z 1
zln] = zguln] < X(2) = R 2] > [20]
n z 1
zln] = —zju[-n—1] <+  X(z) = T |2| < |z0]
n z . Z
zln] =a"uln] <<  X(z) = P |z] < |al
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Table 4: Properties of the Discrete-time Fourier Transform.

Property

Time domain

Frequency domain

Linearity

Differentiation (fre-
quency)

Time-shift
Frequency-shift
Convolution
Modulation
Time-reversal
Conjugation
Symmetry (real)
Symmetry (imag)

azy[n] + bza[n]

z[n — nol
elon )
x1[n] * z2[n]
z1[n]a2[n]
z[—n]
z*[n]
Jm{z[n|} =0
Re{z[n ]} 0

aX1(e7) + bXo(el?)
dX (')
I dw

e X (e)
X(ej(w*wo))
X (e79) Xo(e?v)
Xi(e) @ Xp(e?)
X(e™ Jw)
Xr(e™)
X(e™) = X*(e™)
X(e¥) = —-X*(e™v)

2_

Parseval Z |z[n]|” = — / |X(ej‘*’)|2 dw
Table 5: Properties of the Fourier series.
Property Time domain Frequency domain
Linearity azy(t) + b (t) aXi[k] + bX,[k]|
dz(t 27k
Differentiation ) Llllip's k]
. dt T
(time)
Time-shift Tt —to) e~92mkto/T X [K]
Frequency-shift eI 2mhot/ Tz (1) X[k — ko
Convolution T1(t) ® To(t) T X, [k] X5 [k]
Modulation Z1(t)T2(t) Xy [k] * Xo[k]
Time-reversal z(—t) X[—k]
Conjugation T*(t) X*[—k]
Symmetry (real) Jm{z(t)} =0 X[k = X*[—FK]
Symmetry (imag) Re{z(t)} = X[k:] = —X*[—k]
1 T/2
Parseval — () dt = | X [k]
T —T/2 k;,o
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Table 6: Properties of the Fourier transform.

Property Time domain Frequency domain

Linearity a1 (t) + b2 (1) aXi(jw) + bX,(jw)

Duality X (jt) 2 (—w)

dx(t
Differentiation acjl(t ) JwX (jw)
t

Integration x(7)dr L X (jw) + 71X (j0)d(w)

Time-shift 2(t — to) e=310 X (juw)

Frequency-shift eIty (t) X (j(w — wp))

Convolution x1(t) * zo(t) X1 (Jw) X2 (jw)

Modulation x1(t)x2(t) X (jw) * Xo(jw)

Time-reversal x(—t) X( j w)

Conjugation x*(t) X*(—jw)

Symmetry (real) Jm{z(t)} =0 X(jw) = X*(— jw)

Symmetry (imag) Re{z(t)} =0 X(jw) = = X*(—jw)

1
Scaling z(at) —X Jw
ol \ a
Parseval / e)fdt = o= [ IXG) d
—00 T J -0
Table 7: Properties of the z-transform.
Property Time domain z-domain ROC
Linearity azxi[n| + bxs[n] aX1(z) + bXs(2) C R, NR,,
Time-shift x[n — ng) 27X (2) R!
Scaling in z zitw(n| X(z/z2) |20| Rz
. e dX(z)
Differentiation in z nx[n| —E— R!
z
Time-reversal x[—n] X(1/2) 1/R,
Conjugation x*[n] X*(z%) R,
Symmetry (real) Jm{z[n]} =0 X(z) = X*(2%)
Symmetry (imag) Re{X[n]} =0 X(z) = —X*(2%)
Convolution x1[n] * xo[n] X1(2)Xo(2) C R, NR,,
Initial value z[n] =0,n < 0= 2z[0] = lim X(2)
Z—r00
t 2 = 0 or 2 = oo may have been added or removed from the ROC.
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Table 8: Commonly used window functions.

Rectangular:
] 1 when0<n<M,
Wreet|N] =
rect 0 otherwise.

o

20109, M) (&)
S N
(=} (=}

|
o]
o

!
o5}
o

o

0.5

w(xm
Bartlett (triangular): = 0
2 -20
8
2n/M when 0 < n < M/2, 50_40
Weart[n] =< 2 —2n/M when M/2 < n < M, Sﬁ—so
0 otherwise. R
-80
05 1
w(xm
0
Hanning: %;—20
5
3 — 2cos(2rn/M) when0 < n < M, 2 -40
Whann [n] = . S’H_BO
0 otherwise. =
-80 N\(\/\
05 1
w(xm
_ o0
G- =N
Hamming: 2 20
&
] 0.54 — 0.46 cos (2rn/M)  when 0 < n < M, 240
w n| = &
hamm 0 otherwise. 260
~ _g0
0 05 1
w(xm
)
. N
Blackman: 1% 0
0.42 — 0.5cos (2mn/M) when 0 < n < M, =40
Wlack[n] = { + 0.08 cos (4mn /M) 8’8—60
0 otherwise. 2 W{\
80 (0
0 05 1
w(xm
Peak Side-Lobe Amplitude = Approximate Width ~ Peak Approximation Error,
Type of Window (Relative; dB) of Main Lobe 20log;y 0 (dB)
Rectangular —13 4 /(M + 1) —21
Bartlett —25 8 /M —25
Hanning —31 8 /M —44
Hamming —41 8 /M —53
Blackman —57 12 /M —74
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