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Signal: A carrier of (desired) information [1] 

ÅNeed NOT be electrical: 
ÅThermometer 

ÅClock hands  

ÅAutomobile speedometer 

 

 

ÅNeed NOT always being given 

ïñAbnormalò sounds/operations 

ïEx: ñpitchò or ñengine humò during machining as an  

indicator for feeds and speeds 
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Signal: A carrier of (desired) information [2] 

ÅElectrical signals 

ïVoltage 

ïCurrent 

 

 

Å Digital signals 

ïConvert analog electrical signals to an appropriate 

digital electrical message 

ïProcessing by a microcontroller or microprocessor 
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Transduction (sensor to an electrical signal) 
ÅSensor reacts to environment (physics)  

 

ÅTurn this into an electrical signal: 
ïV: voltage source 

ïI:  current source 

 

 

ÅMeasure this signal 

ïResistance 

ïCapacitance  

ïInductance 
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BUT there is Noise é 

Note: this picture illustrates the concepts but it is not quantitatively precise 

Source: Prof. M. Siegel, CMU 14 March 2016 ELEC 3004: Systems 7 

ÅCross-coupled measurements 

ÅCross-talk (at a restaurant or even a lecture) 

ÅA bright sunny day obstructing picture subject 

ÅStrong radio station near weak one 

Åobservation-to-observation variation 
ïMeasurement fluctuates  (ex: student) 

ïInstrument fluctuates  (ex: quiz !) 

ÅUnanticipated effects / variation (Temperature) 

ÅOne manôs noise might be another manôs signal 

Noise: òUnwantedó Signals  
Carrying Errant Information 
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Noise: Fundamental Natural Sources 
ÅVoltage (EMF) ï Capacitive & Inductive Pickup 

 

ÅJohnson Noise ï thermal / Brownian 

 

 

Å1/f (Hooge Noise) 

 

 

ÅShot noise (interval-to-interval statistical count) 
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Signals & Systems 

 
Why?  
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ÅRepresentation of a signal against a discrete set 

 

ÅThe set is fixed in by computing hardware 

 

ÅCan be scaled or normalized é but is limited 

 

 

ÅTime is also discretized 

 

Digital Signal 
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Analog vs Digital 

ÅAnalog Signal: An analog or analogue signal is any 

variable signal continuous in both time and 

amplitude  

 

 

ÅDigital Signal: A digital signal is a signal that is both 

discrete and quantized  

E.g. Music stored in a 

CD: 44,100 Samples 

per second and 16 bits 

to represent amplitude  
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ÅContinuous: 

 

 

 

 

: 

 

Digital Systems 
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Č Digital Systems ḉ 
Better SNR 

ÅWe trade-off  
ñcertainty in timeò for ñsignal 
noise/uncertaintyò 

 

ÅAnalog: Ð time resolution 

ï Digital  has fixed time steps 

 

 
 

ÅThis avoids the noise and 
uncertainty in component values 
that affect analogue signal 
processing. 

Better Processing 

Å Digital microprocessors are in a 
range of objects, from obvious (e.g. 
phone) to disposable (e.g. Go cards). 
(what doesnôt have one?) 
 

Compared to antilog computing  
(op-amp): 

Å Accuracy: digital signals are usually 
represented using 12 bits or more. 

Å Reliability : The ALU is stable over 
time. 

Å Flexibility : limited only 
programming ability! 

Å Cost: advances in technology make 
microcontrollers economical even for 
small, low cost applications. 
(Raspberry Pi 3: US$35) 
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SNR : Signal to Noise Ratio 
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Data Acquisition 
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Representation of Signal 

ÅTime Discretization ÅDigitization 
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True signal

Discrete time sampled points
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True signal

Digitization
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Å Analogue to digital converter (A/D) 
ïCalculates nearest binary number to x(nDt) 

Åxq[n] = q(x(nDt)), where q() is non-linear rounding fctn 

ï output modeled as xq[n] = x(nDt) + e[n]  

Å  Approximation process 
ï therefore, loss of information (unrecoverable) 
ïknown as óquantisation noiseô (e[n])  
ï error reduced as number of bits in A/D increased 

Åi.e., Dx, quantisation step size reduces 

 

Quantisation 
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x
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Input-output for 4-bit quantiser  
(twoõs compliment) 

Analogue 

Digital 

7 0111 

6 0110 

5 0101 

4 0100 

3 0011 

2 0010 

1 0001 

0    0000 

-1   1111 

-2   1110 

-3   1101 

-4   1100 

-5   1011 

-6   1010 

-7   1000 

Dx 

quantisation 

step size 
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where A = max amplitude 

m = no. quantisation bits 
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Å To estimate SQNR we assume 
ï e[n] is uncorrelated to signal and is a  

ï uniform random process  

Å assumptions not always correct! 
ïnot the only assumptions we could makeé 

Å Also known a óDynamic rangeô (RD) 
ï expressed in decibels (dB) 

ï ratio of power of largest signal to smallest (noise) 

Signal to Quantisation Noise 
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Need to estimate: 

1. Noise power 
ï uniform random process: Pnoise = Dx2/12 

2. Signal power 
ï (at least) two possible assumptions 
1. sinusoidal: Psignal = A2/2 
2. zero mean Gaussian process: Psignal = s2 

Å Note: as s º A/3: Psignal º A
2/9 

Å where s2 = variance, A = signal amplitude 

Dynamic Range 

Regardless of assumptions: RD increases by 6dB 

for every bit that is added to the quantiser 

1 extra bit halves Dx 

i.e., 20log10(1/2) = 6dB 
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14 March 2016 ELEC 3004: Systems 24 

Not this type of sampling é J 
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This type of samplingé 

Source: Wikipedia: http://en.wikipedia.org/wiki/File:Signal_Sampling.png 
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ÅThe Nyquist criterion states: 

To prevent aliasing, a bandlimited signal of bandwidth wB 

rad/s must be sampled at a rate greater than 2wB rad/s 

ws > 2wB 

Sampling Theorem 

Note: this is a > sign not a ² 

Also note: Most real world signals require band-limiting 

with a lowpass (anti-aliasing) filter 
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Mathematics of Sampling and Reconstruction 

DSP 
Ideal 

LPF 

x(t)          xc(t) y(t) 

Impulse train  

dT(t)= äd(t - nDt) 

é é 
t 

Sampling frequency fs = 1/Dt  

Gain 

fc           Freq 

1 

 

 

0 

Cut-off frequency = fc 

reconstruction sampling 
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Åx(t) multiplied by impulse train dT(t) 

Mathematical Model of Sampling 

Å xc(t) is a train of impulses of height x(t)|t=nDt 
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ÅImage a signalé 

Discrete Time Signal 
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ÅDigitization helps beat the Noise! 

Discrete Time Signals 
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ÅBut only so muché 

Discrete Time Signals 
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ÅShifting 

 

 

ÅReversal 

 

 

ÅTime Scaling 
(Down Sampling) 

 

 

(Up Sampling) 

Signal Manipulations 
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ÅCan make control tricky! 

Discrete Time Signals 
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ÅCan make control tricky! 

Discrete Time Signals 
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Å  

Nyquist Sampling Theorem and Aliasing 

ELEC 3004: Systems 14 March 2016 37 
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ÅThe Nyquist criterion states: 

To prevent aliasing, a bandlimited signal of bandwidth wB 

rad/s must be sampled at a rate greater than 2wB rad/s 

ïws > 2wB 

Sampling Theorem 

Note: this is a > sign not a ² 

Also note: Most real world signals require band-limiting 

with a lowpass (anti-aliasing) filter 
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Å Frequency domain analysis of sampling is very useful to understand  
ï sampling (X(w)*ä d(w - 2pn/Dt) )  

ï reconstruction (lowpass filter removes replicas) 

ï aliasing (if ws ¢ 2wB) 

Å Time domain analysis can also illustrate the concepts 
ï sampling a sinewave of increasing frequency 

ï sampling images of a rotating wheel 

Time Domain Analysis of Sampling 

14 March 2016 ELEC 3004: Systems 39 
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Original signal 

Discrete-time samples 

Reconstructed signal 

A signal of the original frequency is reconstructed 
14 March 2016 ELEC 3004: Systems 40 

 

Original signal 

Discrete-time samples 

Reconstructed signal 

A signal with a reduced frequency is recovered, i.e., the signal is  

aliased to a lower frequency (we recover a replica) 
14 March 2016 ELEC 3004: Systems 41 
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Sampling < Nyquist Ą Aliasing 

0 5 10 15
-1.5

-1

-0.5

0

0.5

1

1.5

time

s
ig

n
a

l

 

 

True signal

Aliased (under sampled) signal

14 March 2016 ELEC 3004: Systems 42 

 

Nyquist is not enough é 
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A little more than Nyquist is not enough é 
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ÅConsider the case where the DSP performs no filtering 

operations 
ïi.e., only passes xc(t) to the reconstruction filter 

ÅTo understand we need to look at the frequency domain 

ÅSampling: we know  
ïmultiplication in time ¹ convolution in frequency 

ïF{x(t)} = X(w)  

ïF{dT(t)} = äd(w - 2pn/Dt),  

ïi.e., an impulse train in the frequency domain 

Frequency Domain Analysis of Sampling 
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ÅIn the frequency domain we have 

Frequency Domain Analysis of Sampling 
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Â Letôs look at an example 
Â where X(w) is triangular function 

Â with maximum frequency wm rad/s 

Â being sampled by an impulse train, of 
frequency ws rad/s 

Remember 

convolution with 

an impulse? 

Same idea for an 

impulse train 
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ÅIn this example it was possible to recover the original signal 

from the discrete-time samples 

 

 

ÅBut is this always the case? 

 

 

ÅConsider an example where the sampling frequency ws is 

reduced  
ïi.e., Dt  is increased 

Sampling Frequency 
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Fourier transform of original signal X(ɤ)  
(signal spectrum) 

w 

é é 

Fourier transform of impulse train dT(w/2p) (sampling signal) 

0                ws = 2p/Dt              4p/Dt  

Original spectrum 

convolved with 

spectrum of 

impulse train é 

Fourier transform of sampled signal 

w 

é 

 Original         Replica 1        Replica 2 

1/Dt  
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Spectrum of sampled signal 

Spectrum of reconstructed signal 

w -wm          wm 

Reconstruction filter 

removes the replica  

spectrums & leaves 

only the original 

Reconstruction filter (ideal lowpass filter) 

w   -wc          wc = wm 

Dt 

é 

w 

é 

 Original         Replica 1        Replica 2 

1/Dt 
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Sampled Spectrum ws > 2wm 

w -wm          wm            ws 

orignal               replica 1        é 

é 

LPF 

original freq recovered 

Sampled Spectrum ws < 2wm 

w -wm          wmws 

é 

orignal                                  é  

replica 1 

LPF 

Original and replica  
spectrums overlap 

Lower frequency  

recovered (ws ï wm) 
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Reconstruction 
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ÅSignal is bandlimited to bandwidth WB 
ïProblem: real signals are not bandlimited 
ÅTherefore, require (non-ideal) anti-aliasing filter 

ÅSignal multiplied by ideal impulse train 
ïproblems: sample pulses have finite width 

ïand not Ã in practice, but sample & hold circuit 

ÅSamples discrete-time, continuous valued 
ïProblem: require discrete values for DSP 
ÅTherefore, require A/D converter (quantisation) 

ÅIdeal lowpass reconstruction (ósincô interpolation) 
ïproblems: ideal lowpass filter not available 
ÅTherefore, use D/A converter and practical lowpass filter 

 
Sampling and Reconstruction  
Theory and Practice 
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Å Frequency domain: multiply by ideal LPF 
ïideal LPF: órectô function (gain Dt, cut off wc) 
ï removes replica spectrums, leaves original 

Å Time domain: this is equivalent to 
ïconvolution with ósincô function 
ï as F 

-1
{Dt  rect(w/wc)} = Dt wc sinc(wct/p) 

ï i.e., weighted sinc on every sample 

Å Normally, wc = ws/2 

Time Domain Analysis of Reconstruction 
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ÅWhittakerïShannon interpolation formula 

Reconstruction 
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Zero Order Hold (ZOH) 

ZOH impulse response 

ZOH amplitude response 

ZOH phase response 
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ÅZero-Order Hold [ZOH] 

Reconstruction 
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ÅWhittakerïShannon interpolation formula 

 

Reconstruction 
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reconstructed signal xr(t) 
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Smooth output from reconstruction filter 
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ÅImpulse train sampling not realisable 
ïsample pulses have finite width (say nanosecs) 

ÅThis produces two effects, 

ÅImpulse train has sinc envelope in frequency domain 
ïimpulse train is square wave with small duty cycle 

ïReduces amplitude of replica spectrums 
Åsmaller replicas to remove with reconstruction filter J 

ÅAveraging of signal during sample time 
ïeffective low pass filter of original signal 
Åcan reduce aliasing, but can reduce fidelity L 

Ånegligible with most S/H J 

Finite Width Sampling 
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Å Sample and Hold (S/H) 
1. takes a sample every Dt seconds 
2. holds that value constant until next sample 

Å Produces óstaircaseô waveform, x(nDt) 

Practical Sampling 

t 

x(t) 

hold for Dt 

sample instant 

x(nDt) 
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Two stage process: 

1. Digital to analogue converter (D/A) 
ï zero order hold filter 
ï produces óstaircaseô analogue output 

2. Reconstruction filter 
ï non-ideal filter: wc = ws /2 
ï further reduces replica spectrums 
ï usually 4th ï 6th order e.g., Butterworth  
Å for acceptable phase response 

Practical Reconstruction 
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Å Analogue output y(t) is  
ï convolution of output samples y(nDt) with hZOH(t)  

D/A Converter 
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D/A is lowpass filter with sinc type frequency response 

It does not completely remove the replica spectrums 

Therefore, additional reconstruction filter required 
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ÅTheoretical model of Sampling 
ïbandlimited signal (wB) 

ïmultiplication by ideal impulse train (ws > 2wB) 
Åconvolution of frequency spectrums (creates replicas) 

ïIdeal lowpass filter to remove replica spectrums 
Åwc = ws /2 

ÅSinc interpolation 

ÅPractical systems 
ïAnti-aliasing filter (wc < ws /2) 

ïA/D (S/H and quantisation) 

ïD/A (ZOH) 

ïReconstruction filter (wc = ws /2) 

Summary 

Donôt confuse  

theory and  

practice! 
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Å Aliasing and Anti-Aliasing 

 

 

 

ÅReview:  
ïChapter 5 of Lathi  

 

 

ÅA signal has many signals J 

[Unless itôs bandlimited] 
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