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Systems as Maps
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Basis Spaces of a Signal
» A basis of a vector space is a sequence of vectors that has two
properties at once:

1. The vectors are linearly independent
2. The vectors span the space
=» The vectors v,, ..., v, are a basis for R" exactly when they are

the columns of a nxn invertible matrix. Thus R" has infinitely
many bases.




Then a System is a MATRIX

uln y[n
[l
y = Du.
y[l] DM D12 ... DLN u[l}
y[2] B Doy Dy --- Doy ul2]
y[M] Dyiy Dap -+ Dun| [u[N]

yli] = Z Djulj].

Linear Time Invariant

LTI
u(t) | h()=F() y(t§=u(t)*h(t)

Linear & Time-invariant (of course - tautology!)

Impulse response: h(t)=F(5(t))

Why?

— Since it is linear the output response (y) to any input (X) is:

z(t) = [z (7)o (t —T)dr '

y(t) =F [[2z ()3 (t —7)dr| Hnsar 100 4 (7Y F[6 (t — )] dr
ht—7) 2 F[5(t—7)]

=y) =[S x(r)h(t—T)dr =z (t)*h(t)

The output of any continuous-time LTI system is the convolution of
input u(t) with the impulse response F(6(t)) of the system.




Linear Dynamic [Differential] System

= LTI systems for which the input & output are linear ODEs

dMz

dy dy dx
, . .y ST A S TS M et
aoy+r11dt+ +an qen OL+?1dt+ “+bm o

Laplace:

agY (s) + a1sY(s) + -+ 4+ ans"Y (s) = bgX (5) + b1sX(s) + -+ + bins™ X (s)
A(8)Y (s) = B(s)X(s)

» Total response = Zero-input response + Zero-state response

Initial conditions External Input

Linear Systems and ODE’s

Linear system described by differential equation

d’y :b0x+b1%+---+bm d”x
dt" dt dt™

a y+a1ﬂ+---+a
0 dt n

Which using Laplace Transforms can be written as

a,Y (s)+asY(s)+---+a,5"Y (s) =b, X (s) +b,sX(s)+---+b,s"X(s)
A(S)Y (s) =B(s) X(s)

where A(s) and B(s) are polynomials in s




Unit Impulse Response

a(t

F(5(1))

LTI

h@=F(3(1)

« &(t): Impulsive excitation

* h(t): characteristic mode terms

EXAMPLE 2.4
Determine the

(D* 43D +2) yt) = Dxtr)

Moreover, according to Eq. (2.25), P(D) = D, 5o tha
P(D)y, (1) = Dy, (1) = ¥ (1) = —¢ '

Also in this case, by = 0 [th
ht) = [P(D)y,(D)ult) = (—e ' +2¢ *)u(t)

unit impulse response h(¢) for a system specified by the equatio

[the second-order term is absent in P(D)]. Thersfore

['his can help simplify matters...

An Example

Consider the following system:

3 T
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» How to model and predict (anEI control the output)?
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Source: EE263 (s.1-13)




I'his can help simplity matters...
An Example
Consider the following system:

3 T

&
‘\_\
N

. A
» How to model and predict (and control the output)?

Source: EE263 (s.1-13)
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I'his can help simplity matters...
An Example
+ Consider the following system:

= Aux, y=Cux

« Xx(t) € R?, y(t) € R! > 8-state, single-output system
« Autonomous: No input yet! (u(t)=0)

Source: EE263 (s.1-13)
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[ 'his can help simplity matters...

An Example

« Consider the

following system:

0 100 200 300 400 500 600 700 800 900 1000
t
Source: EE263 (s.1-13)
['his can help simplify matters...
An Example t
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Example: Let’s consider the control...

Expand the system to have a control input...
« Be R®2 C e R¥8(note: the 2" dimension of C)

b= Ar+Bu, y=Cr, 2(0)=0

» Problem: Find u such that vy, (t)=(1,-2)
« Asimple (and rational) approach:

— solve the above equation!

— Assume: static conditions (u, X, v constant)

i =0 = Az + Bugatic, Y = Ydes = Cx
=>» Solve for u:

I —0.63
Ustatic = (—CA 1B) Ydes = [ 0.3)6 ]

Example: Apply u=u. . and presto'

—
~  04r

20 0 200 400 600 B[}DtHIJE 1200 1400 1800 1800

U2

00 0 200 400 600 Bnuttozc 1200 1400 1600 1800

(750

00 0 200 400 Q00 al:ntmnc 1200 1400 1600 1800

U2

Zoo om0 a0 em w0 oo 120 ool teon veoo

» Note: It takes 1500 seconds fof the y(t) to converge .
but that’s natural ... can we do better?

Source EE263 (s.1-13)




Example: Yes we can!

 How about:

]
=

Source: EE263 (s.1-13)

Example: How? How about a more clever input?
* How about:

o
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™
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- 0 10 0 tic 4‘: 50 80 o 10 0 tal: 40 50 60

Source: EE263 (s.1-13)

« Converges in 50 seconds (3.3% of the time ©)




Example: Can we beat it? Larger inputs & LDS

» Converges in 20 seconds (1.

3% of the time ©)

Source: EE263 (s.1-13)

Ex: Deblurring

perfect image

a

Matlab: deconvwnr

Moving
Camera
Optics

blurry image

10



What about ...
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What about ...

t

 For small current inputs, neuron membrane potential output
response is surprisingly linear.

* Though this has limits ...

neurons “spike” are (quite) nonlinear (truly)
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Source: ELEC6.003 (s.3-49)
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http://web.mit.edu/6.003/F11/www/handouts/lec01.pdf

Linear Dynamical Systems Review
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Linear Differential Systems

d"y d™ly dy
m + an—1 21 +r 4+ al'&? +agy(t) =
dmf dm—lf df
bmm‘i'bm_,lzm—_r ++b]£ +b0f(t) (213)

where all the coefficients a; and b; are constants. Using operational notation D to
represent d/dt, we can express this equation as

(Dn + an_lD“‘l +- - 4+a1D+ a.o) y(t)
= (bmD™ + b1 D™ Vo £ 51D +bo) f(2)  (2.1D)

or
Q(D)y(t) = P(D)f(t) (2.1c)
where the polynomials Q(D) and P(D) are
QD)=D"+an D" 14 -+ a;D+ag (2.2a)
P(D)=bpD™ + by D™ L 01D +bg (2.2b)

12



Linear Differential System Order

Q(Dy(t) = P(D)f(2)

QD) =D"+6, 1D+ +a1D +ag y(t)=P(D)/Q(D) f(t)
P(D)"—hmem"'bm——le_'l"'"‘+b1D+bo P(D) M
Q(D):N

« Inpractice: m<n (yes, N is deNominator)

wifm>n:
then the system is an
(m - n)th -order differentiator of high-frequency signals!

« Derivatives magnify noise!

Second Order Systems

Second order systems

ay’ +by' +ey=0

assume a > () (otherwise multiply equation by —1)

solution by Laplace transform:

a(s2Y (s) — sy(0) — y'(0)) + b(sY (s) — y(0)) + Y (s) =0

L(y") L(y')

solve for Y (just algebral)

asy(0) + ay'(0) + by(0) as+ 3

Y(s) = =
(%) as? + bs + ¢ as2 +bs+ ¢

where oo = ay(0) and 3 = ay'(0) + by(0)




Second Order Systems

so solution of ay” + by +cy =0 is

P as + 3
ylt) = £ ((LSQ +bs + (’)

o \(s) = as? +bs + cis called characteristic polynomial of the system
e form of y = £L7(Y) depends on roots of characteristic polynomial

e coefficients of numerator as + 3 come from initial conditions

Second Order Response

Ris) K «(s) K
@—" s+ B) - ‘ C(s /
((s) 7B . -

R(s B K B B K
TR AT N ) T
K ;B B
Three Types: 7w fTB VIR
* |: Underdamped: : (0 << 1)
R .- T o T t o e w=e NP
£71C(s5) | ()
=1 — e ™ cosayt + - sinayl |
. Vi e

ot v 2\
=1 - — sin | wyt + tan™’ S
1 -
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Second Order Response

o IlI: Over Damped: «-n

For a unit-step input, R(s) 1/s and C(s) can be written
[
« = - - = — — -—
(s w, Vv = 1)is + v -1

R(5) X C(s) K
I -]lf.»fT\ - q C(s J
i R(s) ) B ,liﬁf' I, B (B) J\T
u N\ 1] 7N\ 7
K . B B
Three Types: ;= 5.~ IVIK
« |I: Critically Damped: (£ =1
For a unit-step input, R ‘\' 1/s5 and C(s) can be written
Cls) = 2!"‘
fimn sinogt RI\]ti\'l_ t
SRV 1V o
Second Order Response
R(s) K (s) K
I s+ B) — Cls !
i - ‘ R(s) } B .l_ﬁ._' B (B) .\_l
a N\a) g J N\ J
K . B_ B
Three Types: 7 = 5.~ IR
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Second Order Response

Ris) K C(s) .
I s+ 8) = - C(s J
R(s) ~ B, BV K|

TR ATYS B |

B { B |
27 N\
. K B B 7
Unit-Step Response y ;- B 2VIK
xl
:eL\' ?
ormaliz ;
2 a2
Lo )
“
e a0 o to g -Iiﬂw%'
_—__4

Second Order Response
Envelope Curves

16



Second Order Response
Unit Step Response Terms

(r)
‘ Allowable tolerance
T N
M, |
S A T NG SRS
P L4 I+ 002
la
[
0.5
i
0 . 1 T ‘[

] |

ot
+ Delay time, tg: The time required for the response to reach half the final value
» Rise time, t.: The time required for the response to rise from 10% to 90%
* Peak time, t,:The time required for the response to reach the first peak of the overshoot
»  Maximum (percent) overshoot, Mp:

Maximum percent overshoot = C(—fﬂ)' 7—C(332 x 100%
¢(c0)

+  Settling time, t;: The time to be within 2-5% of the final value

Example: Quarter-Car Model

ky(y — .\‘)I Ib(}" —X)

X y
l k(x —r) k(y — .\‘)1 lb(_\" —X)

17



Example: Quarter-Car Model (2)

s Do s ks ku k.
X+ —x-N+—x-y+—x=—r,
my my my my
.ob ks
y+—@—x)+ y—=x)=0.
my my

25 b - 2 k ) ko ku
S7X () +5s—(X(s) = Y(5)) + —(X(s) — Y(5)) + X (s) = —R(s),
my m m my

20 b kg
s°Y(s) +5s— (Y (s) — X(5)) + (Y(s) = X(s)) =0,
my mz

kwb ( 1 ks )
— s+ —
Yi(s) mymsy b

RG) 4 b b 3 ks ks kuw > kb
S —+— )P+ =+ =+ 2 )2+
my my my my;  my myny

)+

kuwks

mym;

Data Acquisition
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Digital Signal

» Representation of a signal against a discrete set
. TheseS € Il in by computing hardware

° Can bP annlad Avr nAarrmalizad Tt is limited

s €1(0,...,21%)

- =0 It

CTmer 10, .216)
S & 216

Analog vs Digital

» Analog Signal: An analog or analogue signal is any
variable signal continuous in both time and

amplitude Q Q Q

« Digital Signal: A digital signal is a signal that is both
discrete and quantized

E.g. Music stored in a
CD: 44,100 Samples

per second and 16 bits
to represent amplitude

19



Representation of Signal

« Time Discretization

Coarse time discretization

D
(=]
(=]

a1
(=}
(=]

N
o
o

N
(=}
(=]

Expected signal (mV)
5]
o

=
o
(=]

True signal
—o Discrete time sampled points

(=]

o
o
=
S}
=
5}

time (s)

« Digitization

600

Coarse signal digitization

500

Expected signal (mV)
w
o
o

200}
100f True signal
— Digitization
0
0 5 10 15

time (s)

Signal: A carrier of (desired) information [ ]

» Thermometer
* Clock hands
» Automobile speedometer

* Need NOT be electrical:

* Need NOT always being given

— “Abnormal” sounds/operations

— Ex: “pitch” or “engine hum” during machining as an
indicator for feeds and speeds

20



Signal: A carrier of (desired) information [2]

« Electrical signals
— Voltage
— Current

 Digital signals
— Convert analog electrical signals to an appropriate
digital electrical message

— Processing by a microcontroller or microprocessor

Transduction (sensor to an electrical signal)

 Sensor reacts to environment (physics)
« Turn this into an electrical signal:

— V: voltage source

— I: current source
» Measure this signal

— Resistance

— Capacitance

— Inductance

21



Ex: Current-to-voltage conversion

* simple: * better:
Precision Resistor Use an “op amp”

7 = Vimeasured
R
known

Rknm

V = Rkuone T
Rkvan { V== RKnow.\I

BUT there is Noise ...

o r
. MNa frre's  aand Wlaw's Wlaclimes G SC!‘»ML:E:I Ve == T dent
Lf!-lﬂ.‘ac,d S P u:..m? ut.u..m-'p.é.{.gl_\J

1T ﬁ radus, TV, vadan,
e i l — ete,
e U L T
AN W A e {
..!I . e / Ny Lrhﬂ s |
‘2!::"“"‘-' e e - po— ‘L s 1
e,{,}‘tt_t’l T T e Il
i | e lcnes 1oL
Codigudal | Eﬂ‘ e \ Le I-“’-. L.CCA.EJ
’i""lﬂ{: y Aty T & Lt s,
ere \ Fides ™ | e
— A W
2£050mg = N
v n-r‘“'h"‘""t waeliia =T . f‘—'l—"-'__‘_:-)__«_‘:_':""‘}:
s L LT el pde =
P RV i I S R | T R A L R R A S

i i
N
| | T

|a0yeas [year Tugountle | o

Note: this picture illustrates the concepts but it is not quantitatively precise

Source: Prof. M. Siegel, CMLJ
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Noise: "Unwanted™ dignals
Carrying Errant Information

Cross-coupled measurements

Cross-talk (at a restaurant or even a lecture)

A bright sunny day obstructing picture subject
Strong radio station near weak one

observation-to-observation variation
— Measurement fluctuates (ex: student)
— Instrument fluctuates (ex: quiz!)

Unanticipated effects / variation (Temperature)
One man’s noise might be another man’s signal

Noise: Fundamental Natural Sources

Voltage (EMF) — Capacitive & Inductive Pickup

Johnson Noise — thermal / Brownian

Uf(V; = /4K, TR

Shot noise (interval-to-interval statistical count)
aV?2
V=%~

23



SNR : Signal to Noise Ratio

V=Vs+Vp

Magnitude: V2 = V2 + V2 + ViVy,

S _ V&
N2

~ 2 rms
in dB: 10log (%) = 20 log (&1—"1)

Derivatives magnify noise!

e sin(10mt) o 10CoS(107t o

‘
N

* sin(107t) 4+ 0.1sir

>
~~
-
o

Ort)
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Next Time...

* Register on Platypus
+ Try the practise assignment

» We will talk about Data Acquisition / Sampling

25



