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Lecture Schedule:

Week

Date Lecture Title

1

29-Feb|Introduction

3-Mar|Systems Overview

2

7-Mar|Systems as Maps & Signals as Vectors

10-Mar|Data Acquisition & S i

14-Mar|Sampling Theory

17-Mar|Antialiasing Filters

21-Mar|Discrete System Analysis

24-Mar|Convolution Review

28-Mar|

31-Mar Holiday

4-Apr|Frequency Response & Filter Analysis

7-Apr|Filters

11-Apr|Digital Filters

14-Apr|Digital Filters

18-Apr|Digital Windows

21-Apr|FFT

25-Apr|Holiday

28-Apr|Introduction to Feedback Control

3-May|Holiday

5-May|Feedback Control & Regulation

9-May|Ser lation/PID

12-May |Introduction to (Digital) Control

16-May |Digital Control Design & State-Space

19-May |Observability, Controllability & Stability of Digital Systems

23-Ma Digital Control Systems: Shaping the
Y Dynamic Response & Estimation

26-May|Applications in Industr

30-May |System Identification & Information Theory

2-Jun|Summary and Course Review
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Announcements

PS 3 Peer Review Competition

» The PS 3 Review with the
highest Likert Score

« Deadline for reviews:
June 3 (11:59 pm)

» Good reviews discussed
June 2nd |ast Lecture

» Reward: 3004¢

ELEC 3004 s
“Review Lab”
(“Lab 5”):

» Redo any aspects of any
of the labs

« Review course

* Review 2015 Final exam
(which we will do
on June 2" also)

Follow Along Reading:

..« B.P.Lathi
Signal processing
and linear systems

& 1998
TK5102.9.1.38 1998

. FPW

G. Franklin,
J. Powell,
M. Workman

Today

=>» State-space €

— Chapter 6 - Design of Digital
Control Systems Using State-Space
Methods

Digital Control
of Dynamic Systems : o
1990 :

Lathi Ch. 2 (?)

— §2.7-6 Time Constant and Rate of

TJ216.F721990 :
[Available as e
UQ Ebook] :

Next Time

Information Transmission
Information Theory!
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» Nothing beyond this point is on the exam.
(except for the exam review ©)

» Do not pay attention.

» Do not attempt to learn.

Example O:

tf2ss

ELEC 3004: Systems



TF 2 SS — Control Canonical Form)
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Modal Form

» CCF is not the only way to tf2ss

« Partial-fraction expansion of the system
=>» System poles appear as diagonals of Am

« Two issues:
— The elements of matrix maybe complex if the poles are complex
— It is non-diagonal with repeated poles

Modal Form
,},,(5) ) b_ohsn + bl_""” . T B bn—ls + b-'l
Uls) (s + p)(s + po)(s + p)
c 2 -
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s+ py 5+ p, 5+ p,
(_1"1 ~ P o[ x| L]
Xy —2 32 1
= | . |- ‘
X
Cr | | 0 “Pn_ | ]

\:H:v y:[_(:l G " . + byu




Modal Form Block Diagram
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Matlab’s tf2ss

Y(s) _ 25.045+5.008
U(s)  s3+45.03247s2+25.10265+5.008
Get a state space representation of this system

* Given:

« Matlab:
num [25.04 5.0087;
den = [1 5.03247 25.1026 5.0087;
[A,B,C,D] = tf2ss(num/den) ;

e Answer:

¥, 50325 -25.1026 - 5.008 r]_l 1]
X | = 1 0 0 Xy |+ 0 fu
iy 0 1 0 o] Lo
X
y=1[0 2504 5008]| x, | + [0]u
5}




Example 1:

Inverted Pendulum

ELEC 3004: Systems
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Digital Control
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Inverted Pendulum

1 1
L= iiﬂvf + Emvg —mgfcost

Velocity pick-off

S— where U1 is the velocity of the cart and U is the velocity of the point mass 112. ¥y and Uz can be

—w

2 .2
v =@

d P ofd ’

vé = (E(I — fsin 6‘)) + (E(ﬂ casﬁ‘))
Simplifying the expression for Vg leads to:
v2 = % — 203 cos + £26°

The Lagrangian is now given by:

2
and the equations of motion are:
4oL aL
dt oz~ gr
daL aL
dtgé — a6

6 — gsind = i cosf

expressed in terms of x and § by writing the velocity as the first derivative of the position;

1 . 1,
L == (M+m)i? — mbifcosh + §m£’26‘2 — mglcosf

substituting [ in these equations and simplifying leads to the equations that describe the motion o

(M +m)i — mffcosf + m6sind = F

Inverted Pendulum — Equations of Motion

» The equations of motion of an inverted pendulum (under a
small angle approximation) may be linearized as:

0=uw
@ =06=0% +Pu

s M+m
— 1
P—Ml.

Where:

If we further assume unity Ml (Ml = 1), then P = 1




Inverted Pendulum —State Space

« We then select a state-vector as:

16 . [6] _[w
X = [w] hence x = [w] = [w]
» Hence giving a state-space model as:
[0 11, [0
4= 02 o]’B =4
» The resolvent of which is:
- -1
e o1 [ s 1 [s 1]
o@=61-7=| 0 V] =m@le s

» And a state-transition matrix as:

hot sinh Qt
B(t) = cosh Q 0

Q sinh Qt coshQt

Cart & Pole in State-Space With Obstacles?

Swing-up is a little more than stabilization...

See also;: METR4202 — Tutorial 11:

http://robotics.itee.uq.edu.au/~metrd202/tpl/tll-Weekll-pendulum.pdf
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Cart & Pole in State-Space

Swing-up is a little more than stabilization...

Example 2:

Command Shaping

ELEC 3004: Systems
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Experiments: Scanning Over Obstacle

Vombe e

PO LB

ELEC 3004: Systems 26 May 2016 - 21

Command Shaping

0.6
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11



Rabuct Control
NUUUOL UTILT VI,
Command Shaping for Vibration Reduction

Integrated COTE]
Planner —— - ero—p{ Regulator }——»] Plant
Shapping
Controller
T -

Sensor

L —Tunning — —

Command Shaping

Original velocity profile

Input shaper

*

Time= Time
Command-shaped velocity profile

\ Tirrie

Velocity

Velocity
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Command Shaping

Ao Y T
* a2 From Aj
s From Ag

Initial Command Input Shaper Shaped Command

« Zero Vibration (ZV)
1 K

Al_|1+K 1+K o
b L K = o<
« Zero Vibration and Defivative (ZvD)
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Experiments: Command Shaping
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Estimation:

Yet another way
to beat the noise

ELEC 3004: Systems 26 May 2016 - 27

Along multiple dimensions

14



State Space

« We collect our set of uncertain variables into a vector ...
X = [Xqy Xopevy Xp]T

 The set of values that x might take on is termed the state space

» There is a single true value for X,
but it is unknown

State Space Dynamics

x = Ax 4+ Bu
vy = Cx + Du

H(s)=C(sI — A)'B

15



Measured versus True

» Measurement errors are inevitable

 So, add Noise to State...
— State Dynamics becomes:

x=Ax+Bu+w
. y=Cx+Du+v . .
* Can represent this as a ‘INormai  vistribution

Recovering The Truth

* Numerous methods

* Termed “Estimation” because we are trying to estimate the
truth from the signal

» A strategy discovered by Gauss

 Least Squares in Matrix Representation

][ E] (2]

16



Recovering the Truth: Terminology

x=Fx1+Guitw

z=Hx+v

x : the state vector
: the state of x at time A based on data taken up to time B

: estimate of the true state vector

: system dynamics matrix in continuous time (equivalent to A in Eq. 1)
G : system control matrix relating deterministic input, u, to the state (equivalent to B in Eq. 1)
H : measurement matrix in continuous time (equivalent to C in Eq. 2)

F, : system model in dis

te time at £ = f;

H,; : measurement model in discrete time at t = ¢;

P; : estimate covariance in discrete time at { = ¢,

w @ process uncertainty (noise) vector (of type N(0, s))
Q : process noise matrix, Q = E {u-u'T]

Q; : Q indiscrete time at ¢t = ¢;

v : measurement noise vectors (of type N'(0,c))

R; : the measurement variance matrix, R = F [m*r] in discrete time at { = {;

General Problem...

v

o
7]
[]
2
@
[=F
wn
< i
]
o+
o

! (Measurement)




Duals and Dual Terminology

Estimation

Control

Model: x = Fx (discrete: x = Fyx) — | x=Ax, A=F!
Regulates: P (covariance) — | M (performance matrix)
Minimized function: Q (or GQGT) — v

Optimal Gain: K — | G

Completeness law: Observability «— | Controllability

Estimation Process in Pictures

v~R,=N(0,r)

Measured:

Estimate: ékq

18



Kalman Filter Process

Initial state (x)
& covariance (P) Measurement (z)

Compute optimal observer
Project state & gain (“Kalman gain”)

covariance forward then update state

and covariance estimates

N~

KF Process in Equations

Prediction: X1 = Fr 1% 1|x—1,
Pijp—1 = Qi1+ FraProip Fle1,
Kalman Gain: K, = P;L.‘;;_lHT[HPHk_lHT + Rk:_l._
Update: Pk\k =[1- K}:H]Pk\k—l:
X = X1 + Ki(ze — Hiyp_y)

(state prediction)

(covariance prediction)

(covariance update)

(state update)

19



KF Considerations

Xpe—1 = Fr—1 Xp—qp—1 + Gr—1 up—1
Nt S S~

nxl nxn nxj jxl

1
Prip—1= Q-1 +F1 P g1 Fli
[ — S -

X nxn

-1
K; =Py H [HP,_HT + R,
Sk Kk lv[ k|k—1 k)
nxm nxXm

M Im
Pip = [T — KeH[P iy
ik|k = )ﬁ(k“C,] + Kk( 2 — H kk|k71 - Hlel,l;_lj

mx1 mxn

Ex: Kinematic KF: Tracking

« Consider a System with Constant Acceleration

i=—g
y=gt+m

2
y=po+pit+ %

—_

0

0
0 Fk:(gm%w
é 0 OJ

X = Froixp—1 + Ki(zp — HF . _1x.1)

e5|
Il
coo o

coco
oo -
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In Summary

+ KF:
— The true state (x) is separate from the measured (z)
— Lets you combine prior controls knowledge with
measurements to filter signals and find the truth

— It regulates the covariance (P)
» As P is the scatter between z and x
* So, if P > 0, then z > x (measurements -> truth)

+ EKF:

— Takes a Taylor series approximation to get a local “F” (and
G‘G” and ‘CH”)

Estimation:
“Bayesian Perspective”

ELEC 3004: Systems 26 May 2016 - 42
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Kalman Filtering

» (Optimal) estimation of the (hidden) state of a
linear dynamic process of which we obtain noisy (partial)
measurements

» Example: radar tracking of an airplane.
What is the state of an airplane given noisy radar
measurements of the airplane’s position?

~
@

Model

Discrete time steps, continuous state-space
(Hidden) state: x;, measurement: y,

Airplane example:

Position, speed and acceleration




Dynamics and Observation model

 Linear dynamics model describes relation between the state
and the next state, and the observation:

« Airplane example (if process has time-step 3):

Xig = Axt+Wt’ Wt~Wt=N(OlQ)

Yy, = Cx,+v,, Vv,~V,=N(O,R)
1 6 L1s°

A=/0 1 &5 | C=(1 0 0)
00 1

Normal distributions

» Let X, be a normal distribution

of the initial state X, A\
Then, every X, is a normal distribution
of hidden state x,. Recursive definition:

And every Y, is a normal distribution of observation Yi-
Definition: —
efinitio X = AX +W,

Goal of filtering: compute conditional distribution
Y, =CX, +V,
(X 1Yo =YY =)

23



Normal distribution

« Because X,’s and Y,’s are normal i I 5 N
distributions, (X, Y, =¥,.....Y, =Y,) °
is also a normal distribution

* Normal distribution is fully
specified by mean and covariance

* We denote;:

Xt|s = (thYOZyO!"”Ys:ys)‘
= N(E(Xt |Yo =Yoo Vs :ys),Var(Xt |Yo =Yoo Vs :ys))
= N()A(ﬂs’Pﬂs)

Problem reduces to computing X, and Py,

ht

Recursive update of state

+ Kalman filtering algorithm: repeat...
— Time update:
from Xy, compute a priori distribution X,
— Measurement update:
from X, (and given y,,,), compute
a posteriori distribution Xy,

Yl 2 Y3 4 5

24



Time update

« From X, compute a priori distribution X,

Xt+1|t = Axt|t +W,
- N (E(AxtIt +W, ), Var (AXm +W, ))
= N(AE(X, )+ EW,), AVar (X, JAT +Var (W, ))

_ N(A%,, AP, A" +Q)

)A(t+11t = A)A(qt
T
Pt+JJt = APtltA +Q

Measurement update

From X, (@nd given y,,;), compute X, yy;-

1. Compute a priori distribution of the observation
Y from X,

Yt+:ut = Cxt+ut +Via
- N(E(CX,,y +Vyu ) Var(CX,y +V,.,))
= N (C E(Xum )+ E(Vt+1 )’ C Var (xt+1|t kT + Var (Vt+1
= N(C%,.4,CP.,CT +R)

)

25



Measurement update (cont’d)

2. Look at joint distribution of Xy, and Yy,

(Koo Vo) = N(E<M>}[ Var (X, cw(xwvﬂm)ﬁ

E(Y'H—llt ) COV(YH—]J'( ' Xt+]4t ) Var (Yt+]Jt )
_ N §(I+JJ( Pt+1|t PH]JtCT
C)A(Hiut CPt+1|t CPH—]J'[CT + R
where

COV(YHl’ Xt+ut) = COV(CXHut +Vt+l' Xt+ut)

c COV(XH]JI ! Xt+]lt )+ COV(VI+1’ Xt+]4t)
C Var (Xt+m)

= CPt+l|t

Measurement update (cont’d)

« Recall that if
> )y
(21122): N((ﬂl}( 11 12}]
then My )\ 2 Ly
(Z1 | Zz = Zz): N (/ul + 212252(22 — )’ Z11 _21222221)
3. Compute X,y 41 = (Kpsapl Ve = Yesa):

Xt+11t+l = (an |Yt+]Jt =Y )
- -1 .
= N (XHllt + PMJtCT (CPH]JtCT + R) (yt+1 - CXHJJt )’

1
Pt+]4t - Pt+JJtCT (CPH]JtCT + R) CPt+]Jt

26



Measurement update (cont’d):

This can also (often) be written in terms of the
Kalman gain matrix:

T T -1
Kt+1 = Pt+JJtC (CPH]JtC + R)
)A(t+]Jt+l = )A(t+]Jt + Kt+1(yt+l - C)A(t+1\t)
I:?[+ZIJI+1 = Pt+l|t - Kt+lCPt+1|t

Initialization

+ Choose distribution of initial state by picking X, and P,
« Start with measurement update given measurement y,
 Choice for Q and R (identity)

— small Q: dynamics “trusted” more
— small R: measurements “trusted” more

27



(Bayesian) Kalman Filter Summary

- Model Xep = AX+W,, W, ~W,=N(0,Q)
Y, = Cx,+v,, V,~V,=N(OR)
I. Algorithm: Repeat...
— Time update:
Xiop = AXy

Pt+]Jt = APtlt AT +Q

— Measurement update:

T T -1
Kt+l = Pt+JJtC (CPt+utC + R)
§(t+l|t+l = )A(t+l|t + Kt+1 (yt+1 - C)A(t+14t)
Pt+]1t+1 = I::;+J.lt - Kt+1CR+]Jt

(Bayesian) Kalman Filter Summary [ll]

Take Aways:

+ Kalman filter can be used in real time

* Use xy’s as optimal estimate of state at time t, and use Py, as a
measure of uncertainty.

Extensions:

» Dynamic process with known control input

» Non-linear dynamic process

« Kalman smoothing: compute optimal estimate of state x;
given all datay,, ..., y-,
with T > t (not real-time).

« Automatic parameter (Q and R) fitting using EM-algorithm

28



Next Time...

 Information Theory & More!

Review:

— Chapter 6 of FPW
— Chapter 13 of Lathi

» Deeper Pondering??

Final Exam Review
* June 10, 2016

. In: 45-204 (22?)

Some Review Notes

(from Course Textbooks)

=>http://robotics.itee.uqg.edu.au
/~elec3004/tutes.html

From: 2-4

——
OF QUEENSLAND -

THE UNIVERSITY

School of Information Technology and Electrical Engineering

EXAMINATION
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