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Week Date Lecture Title 

1 
2-Mar Introduction 

3-Mar Systems Overview 

2 
9-Mar Signals as Vectors & Systems as Maps 

10-Mar [Signals] 

3 
16-Mar Sampling & Data Acquisition & Antialiasing Filters 

17-Mar [Sampling] 

4 
23-Mar System Analysis & Convolution 

24-Mar [Convolution & FT]  

5 
30-Mar Discrete Systems & Z-Transforms 

31-Mar [Z-Transforms] 

6 
13-Apr Frequency Response & Filter Analysis 

14-Apr [Filters] 

7 
20-Apr Digital Filters 

21-Apr [Digital Filters] 

8 
27-Apr Discrete Systems Analysis 

28-Apr [Feedback] 

9 
4-May Introduction to (Digital) Control 

5-May [Digitial Control] 

10 
11-May Digital Control Design 

12-May [Introduction to State-Space] 

11 
18-May State-Space - Analysis 

19-May [Stability] 

12 25-May 
Digital Control Systems: Shaping the 

Dynamic Response 
26-May [Applications in Industry] 

13 
1-Jun System Identification & [Summary and Course Review] 

2-Jun Information Theory + Communications 

http://itee.uq.edu.au/~metr4202/
http://itee.uq.edu.au/~metr4202/
http://creativecommons.org/licenses/by-nc-sa/3.0/au/deed.en_US
http://elec3004.com/
http://elec3004.com/
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** Additional Reading Materials ** 

• Chapter 13 

State Space Analysis 

 

– “s-plane” 

  

 

 

• Chapter 6 

Design of Digital Control 

Systems Using State-Space 

Methods 

– Extends to “z-plane” 

 

 25 May 2015 - ELEC 3004: Systems 3 

 

 

 
 

 

 

M. Sami Fadali and Antonio Visioli 

Digital Control Engineering Analysis & Design (2nd Edition), 2012 

Online via ScienceDirect 

 

Chapter 7: State Space Representation 

Chapter 9: State Feedback Control 

 

Online Reading Materials 
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http://robotics.itee.uq.edu.au/~elec3004/ebooks/FPW - Chapter 6 - Design of Digital Control Systems Using State-Space Methods.pdf
http://robotics.itee.uq.edu.au/~elec3004/ebooks/FPW - Chapter 6 - Design of Digital Control Systems Using State-Space Methods.pdf
http://robotics.itee.uq.edu.au/~elec3004/ebooks/FPW - Chapter 6 - Design of Digital Control Systems Using State-Space Methods.pdf
http://robotics.itee.uq.edu.au/~elec3004/ebooks/FPW - Chapter 6 - Design of Digital Control Systems Using State-Space Methods.pdf
http://robotics.itee.uq.edu.au/~elec3004/ebooks/FPW - Chapter 6 - Design of Digital Control Systems Using State-Space Methods.pdf
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
https://library.uq.edu.au/record=b3143666~S7
http://www.sciencedirect.com.ezproxy.library.uq.edu.au/science/book/9780123943910
http://www.sciencedirect.com.ezproxy.library.uq.edu.au/science/article/pii/B9780123943910000071
http://www.sciencedirect.com.ezproxy.library.uq.edu.au/science/article/pii/B9780123943910000071
http://www.sciencedirect.com.ezproxy.library.uq.edu.au/science/article/pii/B9780123943910000071
http://www.sciencedirect.com.ezproxy.library.uq.edu.au/science/article/pii/B9780123943910000095
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Lab 4 
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Digital State Space Recap 
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• Difference equations in state-space form: 

 

 

 

 

 

 

• Where: 
– u[n], y[n]: input & output (scalars) 

– x[n]: state vector 

 

 

 

Digital State Space: 

25 May 2015 - ELEC 3004: Systems 8 

 

Digital Control Law Design 
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Discretisation FTW! 
• We can use the time-domain representation to produce 

difference equations! 
 

𝒙 𝑘𝑇 + 𝑇 = 𝑒𝐅𝑇 𝒙 𝑘𝑇 +  𝑒𝐅 𝑘𝑇+𝑇−𝜏 𝐆𝑢 𝜏 𝑑𝜏
𝑘𝑇+𝑇

𝑘𝑇

 

Notice 𝒖 𝜏  is not based on a discrete ZOH input, but rather 

an integrated time-series. 

We can structure this by using the form: 

𝑢 𝜏 = 𝑢 𝑘𝑇 , 𝑘𝑇 ≤ 𝜏 ≤ 𝑘𝑇 + 𝑇  

25 May 2015 - ELEC 3004: Systems 10 

State-space z-transform 
 

We can apply the z-transform to our system: 

𝑧𝐈 − 𝚽 𝑿 𝑧 = 𝚪𝑈 𝑘  
𝑌 𝑧 = 𝐇𝑿 𝑧  

 

which yields the transfer function: 
𝑌 𝑧

𝑿(𝑧)
= 𝐺 𝑧 = 𝐇 𝑧𝐈 −𝚽 −𝟏𝚪 

25 May 2015 - ELEC 3004: Systems 11 
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• Design for discrete state-space systems is just like the 

continuous case. 
– Apply linear state-variable feedback: 

𝑢 = −𝐊𝒙 

 such that  det 𝑧𝐈 − 𝚽 + 𝚪𝐊 = 𝛼𝑐 𝑧  

 where 𝛼𝑐(𝑧) is the desired control characteristic equation 

 

Predictably, this requires the system controllability matrix 

𝓒 = 𝚪 𝚽𝚪     𝚽2𝚪 ⋯ 𝚽𝑛−1𝚪   to be full-rank. 
 

ELEC 3004: Systems 25 May 2015 - 12 

State-space control design -- Controllability 

• In the conventional, frequency-domain approach the 

differential equations are converted to transfer functions as 

soon as possible 
– The dynamics of a system comprising several subsystems is 

obtained by combining the transfer functions! 

 

 

• With the state-space methods, on the other hand, the 

description of the system dynamics in the form of differential 

equations is retained throughout the analysis and design. 

Φ: Solving State Space 

25 May 2015 - ELEC 3004: Systems 13 
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• Describes how the state x(t) of the system at some time t 

evolves into (or from) the state x(τ) at some other time T. 

 

 

 

• 𝚽 s = s𝐈 − 𝐀 −1   Φ 𝑡 = 𝑒𝑨𝑡 

 

• Matrix Exponential: 

𝑒𝐴𝑡 = exp 𝐴𝑡 = 𝐼 + 𝐴𝑡 +
𝐴2𝑡2

2!
+⋯+ 

𝐴𝑘𝑡𝑘

𝑘!
+ ⋯ 

 

• Similar idea, but different result, for the control u  Γ 

 

 

 

 

 

State-transition matrix Φ(t) 
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• Γ =  
𝐴𝑘𝑇𝑘+1

𝑘+1 !
∞
𝑘=0 𝑇𝐵 ≈ 𝐼𝑇 + 𝐴

𝑇2

2
𝐵 

 

Why? 

•  𝑥 𝑡 = 𝑒𝐴 𝑡−𝑡0 𝑥 𝑡0 +  𝑒𝐴 𝑡−𝜏 𝐵𝑢(𝜏)
𝑡

0
𝑑𝜏 

• 𝑥 𝑘𝑇 + 𝑇 = 𝑒𝐴𝑇𝑥 𝑘𝑇 +  𝑒
𝑘𝑇+𝑇

𝑘𝑇

𝐴 𝑘𝑡+𝑡−𝜏
𝐵𝑢 𝜏 𝑑𝜏 

• u(t) is specified in terms of a continuous time history, though 

we often assume u(t) is a ZOH: 

• 𝑢 𝜏 = 𝑢 𝑘𝑇 ⇒ Introduce 𝜂 = 𝑘𝑇 + 𝑇 − 𝜏  

• 𝑥 𝑘𝑇 + 𝑇 = 𝑒𝐴𝑇𝑥 𝑘𝑇 +  𝑒
𝑘𝑇+𝑇

𝑘𝑇

𝐴𝜂
𝑑𝜂𝐵𝑢 𝑘𝑇  

Φ = 𝑒𝐴𝑇, Γ=  𝑒
𝑇

0

𝐴𝜂
𝑑𝜂𝐵 

 
ELEC 3004: Systems 25 May 2015 - 15 

Γ: Gamma: Comes from Integrating 𝒙  
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Solving State Space (optional notes) … 

25 May 2015 - ELEC 3004: Systems 16 

 

Solving State Space (optional notes) 

25 May 2015 - ELEC 3004: Systems 17 
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Solving State Space (optional notes) 

25 May 2015 - ELEC 3004: Systems 18 

 

Solving State Space (optional notes) 

25 May 2015 - ELEC 3004: Systems 19 
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Solving State Space (optional notes) 

25 May 2015 - ELEC 3004: Systems 20 

 

Solving State Space (optional notes) 

25 May 2015 - ELEC 3004: Systems 21 
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• FPW has a slightly different notation: 

ELEC 3004: Systems 25 May 2015 - 22 

Pole Placement (Following FPW – Chapter 6) 

• Start with a simple feedback control law (“controller”) 

 

 

• It’s actually a regulator 
∵ it does not allow for a reference input to the system. 

(there is no “reference” r  (r = 0)) 

 

•  Substitute in the difference equation 

𝑥 𝑘 + 1 = Φ𝑥 𝑘 − Γ𝐾𝑥(𝑘) 

• 𝒵 Transform: 

𝑧𝐼 − Φ + Γ𝐾 𝑋 𝑧 = 0 

Characteristic Eqn:   

det 𝑧𝐼 − Φ + Γ𝐾 = 0 

ELEC 3004: Systems 25 May 2015 - 23 

Pole Placement 

http://robotics.itee.uq.edu.au/~elec3004/ebooks/FPW - Chapter 6 - Design of Digital Control Systems Using State-Space Methods.pdf
http://robotics.itee.uq.edu.au/~elec3004/ebooks/FPW - Chapter 6 - Design of Digital Control Systems Using State-Space Methods.pdf
http://robotics.itee.uq.edu.au/~elec3004/ebooks/FPW - Chapter 6 - Design of Digital Control Systems Using State-Space Methods.pdf
http://robotics.itee.uq.edu.au/~elec3004/ebooks/FPW - Chapter 6 - Design of Digital Control Systems Using State-Space Methods.pdf
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Pole placement: Big idea:  

• Arbitrarily select the desired root locations of the closed-loop 

system and see if the approach will work.  

• AKA: full state feedback 
∵ enough parameters to influence all the closed-loop poles 

• Finding the elements of K so that the roots are in the desired 

locations. Unlike classical design, where we iterated on 

parameters in the compensator (hoping) to find acceptable root 

locations, the full state feedback, pole-placement approach 

guarantees success and allows us to arbitrarily pick any root 

locations, providing that n roots are specified for an nth-order 

system. 

ELEC 3004: Systems 25 May 2015 - 24 

Pole Placement 

 

ELEC 3004: Systems 25 May 2015 - 25 

Meaning… 
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• Given: 

𝑧𝑖 = 𝛽1, 𝛽2, 𝛽3, … 

 

 

• This gives the desired control-characteristic equation as: 

𝑎𝑐 𝑧 = 𝑧 − 𝛽1 𝑧 − 𝛽2 𝑧 − 𝛽3 … = 

 

 

• Now we “just solve” for K and “bingo” 

ELEC 3004: Systems 25 May 2015 - 26 

Back to Pole Placement 

ELEC 3004: Systems 25 May 2015 - 27 

Pole Placement Example (FPW p. 241) 
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Pole Placement Example (FPW p. 241) 

ELEC 3004: Systems 25 May 2015 - 29 

Pole Placement Example (FPW p. 241) 
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Ackermann's Formula (FPW p. 245) 
• Gains maybe approximated with: 

 

 

• Where: C = controllability matrix, n is the order of the system 

(or number of state elements) and 𝛼𝑐: 

 

 

 

 
– 𝛼𝑖: coefficients of the desired characteristic equation 

ELEC 3004: Systems 25 May 2015 - 31 

Ackermann's Formula Example (FPW p.246) 
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Stability 
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• For small T: 

 

 

 

 

• Hence, the unit circle under the map from z to s-plane becomes: 

 

 

Fast sampling revisited 

25 May 2015 - ELEC 3004: Systems 33 
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Specification bounds 
• Recall in the continuous domain, response performance 

metrics map to the s-plane: 

Img(s) 

Re(s) 

𝑠 =
4.6

𝑡𝑠
 

𝑠 = 𝜎 

Img(s) 

Re(s) 

𝜃 = sin−1𝜁 

𝜃 

Img(s) 

Re(s) 

𝑠 =
1.8

𝑡𝑟
 

𝜔𝑛 = 𝑠  
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• These map to the discrete domain: 

 

 

 

 

 

 

 

 

 

 
In practice, you’d use Matlab to plot these, and check that the spec is satisfied 

Discrete bounds 

Img(z) 

Re(z) 

𝑧 = 𝑒−𝑡𝑠𝑇 

𝑧  

Img(z) 

Re(z) 

Img(z) 

Re(z) 

25 May 2015 - ELEC 3004: Systems 35 
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%% Input System Model G  

numg=5; deng=[1 20 0]; sysg=tf(numg, deng);  

 

%% Approximate the ZOH (1-e^-sT)/(s)  

[nd, dd]=pade(1,2);  %pade gives us the "hold" or -e^-sT of a ZOH  

sysp=tf(nd, dd); sysi=tf([1],[1,0]); %Now we need the "1/s" portion  

sys1=series(1-sysp, sysi); % Approximation as a series  

 

%% Open loop response 

syso=series(sys1, sysg); % computer the open loop G with the ZOH  

sys=feedback(syso,1); % Computer the unity feedback response  

step(sys) % Display the step response 

Example Code: 

25 May 2015 - ELEC 3004: Systems 36 

• Nothing beyond this point is on the exam.    

(except for the exam review ) 

 

• Do not pay attention. 

 

• Do not attempt to learn. 

 

</assessable> 

WARNING: Not assessable 

25 May 2015 - ELEC 3004: Systems 37 
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Inverted Pendulm 
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Digital Control 

Wikipedia,  

Cart and pole 

25 May 2015 - ELEC 3004: Systems 39 
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Inverted Pendulum 

• The equations of motion of an inverted pendulum (under a 

small angle approximation) may be linearized as: 

𝜃 = 𝜔 

𝜔 = 𝜃 = 𝑄2𝜃 + 𝑃𝑢 

Where: 

𝑄2 =
𝑀 +𝑚

𝑀𝑙
𝑔 

𝑃 =
1

𝑀𝑙
.   

 

If we further assume unity Ml (𝑀𝑙 ≈ 1), then 𝑃 ≈ 1 

ELEC 3004: Systems 25 May 2015 - 41 

Inverted Pendulum – Equations of Motion 
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• We then select a state-vector as:  

𝒙 =
𝜃
𝜔

, hence 𝒙 = 𝜃 

𝜔 
=

𝜔
𝜔 

 

• Hence giving a state-space model as: 

𝐴 =
0 1
𝑄2 0

,𝐵 =
0
1

 

• The resolvent of which is: 

Φ 𝑠 = 𝑠𝐼 − 𝐴 −1 =
𝑠 −1

−𝑄2 𝑠

−1

=
1

𝑠2 − 𝑄2

𝑠 1
𝑄2 𝑠

 

• And a state-transition matrix as: 

Φ 𝑡 =
cosh 𝑄𝑡

sinh 𝑄𝑡

𝑄
𝑄 𝑠𝑖𝑛ℎ 𝑄𝑡 cosh𝑄𝑡
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Inverted Pendulum –State Space 


