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State-pace Anlyis

So far we have been describing systems in terms of equations relating certain
output to an input (the input-output relationship). This type of description is
an external description of a system (system viewed from the input and output
terminals). As noted in Chapter 1, such a description may be inadequate in some
cases, and we need a systematic way of finding system’s internal description. State
space analysis of systems meets this need. In this method, we first select a set of
key variables, called the state variables, in the system. The state variables have
the property that every possible signal or variable in the system at any instant ¢
can be expressed in terms of the state variables and the input(s) at that instant ¢.
If we know all the state variables as a function of ¢, we can determine every possible
signal or variable in the system at any instant with a relatively simple relationship.
The system description in this method consists of two parts:

1 Finding the equation(s) relating the state variables to the input(s) (the state
equation).

2 Finding the output variables in terms of the state variables (the output equa-
tion).

The analysis procedure, therefore, consists of solving the state equation first,
and then solving the output equation. The state space description is capable of
determining every possible system variable (or output) from the knowledge of the
input and tlie initial state (conditions) of the system. For this reason it is an internal
description of the system.

By its nature, the state variable analysis is eminently suited for multiple-input,
multiple-output (MIMO) systems. In addition, the state-space techniques are useful
for several other reasons, including the following:

1. Time-varying parameter systems and nonlinear systems can be characterized
effectively with state-space descriptions.

2. State equations lend themselves readily to accurate simulation on analog or
digital computers.

3. For second-order systems (n = 2), a graphical method called phase-plane
analysis can be used on state equations, whether they are linear or nonlinear.
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4. State equations can yield a great deal of information about a system even when
they are not solved explicitly.
This chapter requires some understanding of matrix algebra. Section B.6 is a

self-contained treatment of matrix algebra, whi¢h should be more than adequate
for the purposes of this chapter.

13.1 Introduction

From the discussion in Chapter 1, we know that to determine a system’s re-
sponse(s) at any instant ¢, we need to know the system’s inputs during its entire
past, from —oco to t. If the inputs are known only for ¢ > tg, we can still determine
the system output(s) for any ¢ > tg, provided we know certain initial conditions
in the system at ¢ = tg. These initial conditions collectively are called the initial
state of the system (at ¢t = to).

The state of a system at any instant ty is the smallest set of numbers z1(tq),

—zy(ty)y - wulte)which-is-sufficientto-determine the-behavior-of the systenr for —

all time t > to when the input(s) to the system is known for t > to. The variables
z1, T9, ..., T, are known as state variables.

The initial conditions of a system can be specified in many different ways.
Consequently, the system state can also be specified in many different ways. This
means that state variables are not unique. The concept of a system state is very
important. We know that an output y(t) at any instant ¢ > to can be determined
from the initial state {z(to)} and a knowledge of the input f(t) during the interval
(to, t). Therefore, the output y(to) (at ¢t = to) is determined from the initial state
{z(tg)} and the input f(t) during the interval (o, to). The latter is f(to). Hence, the
output at any instant is determined completely from a knowledge of the system state
and the input at that instant. This result is also valid for multiple-input, multiple-
output (MIMO) systems, where every possible system output at any instant ¢ is
determined completely from a knowledge of the system state and the input(s) at
the instant t. These ideas should become clear from the following example of an

RLC circuit.

[ | Example 13.1

Find a state-space description of the RLC circuit shown in Fig. 13.1. Verify that
all possible system outputs at some instant ¢ can be determined from a knowledge of the
system state and the input at that instant ¢.

It is known that inductor currents and capacitor voltages in an RLC circuit can be
used as one possible choice of state variables. For this reason, we shall choose z1 (the

capacitor voltage) and z2 (the inductor current) as our state variables.

The node equation at the intermediate node is

i3 =11 — 13 — T2

but i3 = 0.221, 41 = 2(f — :E1), i9 = 3z1. Hence

or

0.221 = 2(f — 1) — 321 — 22

fCl = —25:E1 = 51}2 + ].Of
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Fig. 13.1 RLC network for Example 13.1.

This is the first state equation. To obtain the second state equation, we sum the voltages
in the extreme right loop formed by C, L, and the 2 Q resistor so that they are equal to
Zero:

—z1+ T2+ 222 =0
or

To = x1 — 229
Thus, the two state equations are
1 = —2b6x1 — bzgy + 10f (13.1a)
To = %1 — 213 (13.1b)

Every possible output can now be expressed as a linear combination of z1, z2, and f.
From Fig. 13.1, we have

v1=f—x1

i1 =2(f — 1)

vy =11

ig = 311
ig=11—12—22=2(f —x1) — 3z1 —z2 = —5x1 — T2 + 2f
14 = T2

v4 = 214 = 222

U3 =21 — V4 = T] — 2T2 (13.2)

This set of equations is known as the output equation of the system. It is clear from
this set that every possible output at some instant, ¢t can be determined from a knowledge
of z1(t), z2(t), and f(¢), the system state and the input at the instant ¢. Once we solve the
state equations™ (13.1) to obtain z1(t) and z2(t), we can determine every possible output
for any given input f(¢). H

If we already have a system equation in the form of an nth-order differential
equation, we can convert it into a state equation as follows. Consider the system
equation

dy
—m Ton-1gmT + o Faigs +aoy = f(2) (13.3)
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One possible set of initial conditions is y(0), ¢(0), ... , ¥™ V(0). Let us define y,
¥, ¥, .., y™ 1) as the state variables and, for convenience, let us rename the n
state variables as z1, o, ..., Tp:

1 =Yy

T2 =Y

T3 =1y

2y =y Y (13.4)

According to Eq. (13.4), we have

Ty =z

a'c2=x3

Tp—-1 = Tn

and, according to Eq. (13.3),
Lp = —Gp—1%n — Gn—92Tp—1 — *** — @1T2 — aoZ1 + [ (13.5a)

These n simultaneous first-order differential equations are the state equations
of the system. The output equation is

Yy =2z (135b)

For continuous-time systems, the state equations are n simultaneous first-order
differential equations in n state variables z1, z2, ..., z, of the form

ii:gi(xlsx2,”-)zna f1>f2a"'7fj) 1:1,2,...,71,

where f1, f2, ..., fn are the j system inputs. For a linear system, these equations
reduce to a simpler linear form

Tk = ar1T1 + ak2Z2 + -+ apnTn + b1 f1 + brafo + -+ bij f; k=1,2,...,n
(13.6a)
and the output equations are of the form

Ym = Cm1%1tCmeZ2+ +CemnTn+dmi1f1+dmafa+-- '+dmjfj m=12,...,k
‘ (13.6b)

The set of Equations (13.6a) and (13.6b) is called a dynamical equation. When

it is used to describe a system, it is called the dynamical-equation description

or state-variable description of the system. The n simultaneous first-order state

equations are also known as the normal-form equations.

These equations can be written more conveniently in matrix form:
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3,7 [a11 @12 v G1n ] g [b11 bieo b1j T = 77
o a21 @22 ‘02 | | .. bar baz cor by | |
| _ n (13.7a)
i En | anl @n2 Ann Tn | br1  bna bn] i fJ |
S S N—— <
bd X x ‘é’ r
and
1 [cin c12 o0 Cn| g [d11 diz -+ dyyT] 4
Y2 €21 C22 '+ Co2n 5 d21  d22 daj s
= + (13.7b)
i Ckl Ck2 ' Ckn & dr1  di2 di; £
S5 S Ne—— O = =
Yy ‘C’ x B f
or
% = Ax + Bf (13.8a)
y = Cx + Df (13.8b)

Equation (13.8a) is the state equation and Eq. (13.8b) is the output equation. The
vectors X, y, and f are the state vector, the output vector, and the input vector,
respectively.

For discrete-time systems, the state equations are n simultaneous first-order
difference equations. Discrete-time systems are discussed in Sec. 13.6.

13.2 A Systematic Procedure for Determining State Equations

We shall discuss here a systematic procedure for determining the state-space
description of linear time-invariant systems. In particular, we shall consider two
types of systems: (1) RLC networks and (2) systems specified by block diagrams
or nth-order transfer functions.

13.2-1 Electrical Circuits

The method used in Example 13.1 proves effective in most of the simple cases.
The steps are as follows:

1. Choose all independent capacitor voltages and inductor currents to be the
state variables.

2. Choose a set of loop currents; express the state variables and their first
derivatives in terms of these loop currents.
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2Q 1H 1Q

Fig. 13.2 RLC network for Example 13.2.

3. Write the loop equations and eliminate all variables other than state vari-
ables (and their first derivatives) from the equations derived in Steps 2 and 3.

[ | Example 13.2

Write the state equations for the network shown in Fig. 13.2.

Step 1. There is one inductor and one capacitor in the network. Therefore, we shall
choose the inductor current z1 and the capacitor voltage z2 as the state variables.

Step 2. The relationship between the loop currents and the state variables can be
written by inspection:

T1 =12 (13.9a)
32 =iz — i3 (13.9b)
Step 3. The loop equations are
4iy =2t = f (13.10a)
2i2—i1)+21+22=0 (13.10b)
—z2+3iz =0 (13.10¢)

Now we eliminate i1, i2, and 43 from Eqs. (13.9) and (13.10) as follows. From Eq. (13.10b),
we have

1 = 2(i1 — 2) — 22
We can eliminate 41 and iz from this equation by using Eqgs. (13.9a) and (13.10a) to obtain
Ty = —z1 —m2+%f
The substitution of Eqgs. (13.9a) and (13.10c) in Eq. (13.9b) yields
By =2z — 239

These are the desired state equations. We can express them in matrix form as

1 -1 17 [= 3
A W
To 2 —% 2 0

The derivation of state equations from loop equations is facilitated considerably by
choosing loops in such a way that only one loop current passes through each of the inductors
or capacitors. ll
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An Alternative procedure

We can also determine the state equations by the following procedure:

1. Choose all independent capacitor voltages and inductor currents to be the
state variables.

2. Replace each capacitor by a fictitious voltage source equal to the capacitor
voltage, and replace each inductor by a fictitious current source equal to the inductor
current. This step will transform the RLC network into a network consisting only
of resistors, current sources, and voltage sources.

3. Find the current through each capacitor and equate it to Cz;, where z; is
the capacitor voltage. Similarly, find the voltage across each inductor and equate
it to Lij;, where z; is the inductor current.

2Q 1Q

g 2Q

Fig. 13.3 Equivalent circuit of the network in Fig. 13.2.

B Example 13.3

Using the above procedure, write the state equations for the network in Fig. 13.2.

In the network in Fig. 13.2, we replace the inductor by a current source of current z1
and the capacitor by a voltage source of voltage z2, as shown in Fig. 13.3. The resulting
network consists of five resistors, two voltage sources, and one current source. We can
determine the voltage vy, across the inductor and the current i. through the capacitor by
using the principle of superposition. This step can be accomplished by inspection. For
example, v, has three components arising from three sources. To compute the component
due to f, we assume that z1 = 0 (open circuit) and zz = 0 (short circuit). Under these
conditions, all of the network to the right of the 22 resistor is opened, and the component
of vy, due to f is the voltage across the 2 resistor. This voltage is clearly %f. Similarly,
to find the component of vy, due to 1, we short f and z2. The source z; sees an equivalent
resistor of 12 across it, and hence v, = —z,. Continuing the process, we find that the
component of vy, due to z2 is —z2. Hence

v =31 = %f—zl-xz (13.12&)

Using the same procedure, we find
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These equations are identical to the state equations (13.11) obtained earlier.t [

13.2-2 State Equations From Transfer Function

It is relatively easy to determine the state equations of a system specified by
its transfer function. Consider, for example, a first-order system with the transfer
function

1

s+ a

The system realization appears in Fig. 13.4. The integrator output serves as a
natural state variable since, in practical realization, initial conditions are placed on
the integrator output. From Fig. 13.4, we have

H(s) = (13.13)

z=—az+f (13.14a)
y==z (13.14b)
X .3 ¥
f 1 -

Fig. 13.4

In Sec. 6.6 we saw that a given transfer function can be realized in several ways.
Consequently, we should be able to obtain different state-space descriptions of the
same system by using different realizations. This assertion will be clarified by the
following example.

M Example 13.4
Determine the state-space description of a system specified by the transfer function
2s+ 10

Bsp= .
)= F s 10,112 (1518

2 s+5 1
(s+1)(s+3) <s+4) (13.15b)

4 9 2
3 + 3
s+1 s+3 s+4

(13.15¢)

1This procedure requires modification if the system contains all-capacitor voltage source tie sets
or all-inductor current source cut sets. In the case of all-capacitor voltage source tie sets, all
capacitor voltages cannot be independent. One capacitor voltage can be expressed in terms of
the remaining capacitor voltages and the voltage source(s) in that tie set. Consequently, one of
the capacitor voltages should not be used as a state variable, and that capacitor should not be
replaced by a voltage source. Similarly, in all-inductor current source tie sets, one inductor should
not be replaced by a current source. If there are all-capacitor tie sets or all-inductor cut sets only,
no further complications occur. In all-capacitor-voltage source tie sets and/or all-inductor-current
source cut sets, we have additional difficulties in that the terms involving derivatives of the input
may occur. This problem can be solved by redefining the state variables. The final state variables
will not. be capacitor voltages and inductor currents.
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Fig. 13.5 Canonical, cascade, and parallel realizations of the system in Example 13.4.
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Using the procedure developed in Sec. 6.6, we shall realize H(s) in Eq. (13.15) with
four different realizations: (i) the controller canonical form [Eq. (13.15a)], (ii) the observer
canonical form [Eq. (13.15a)], (iii) cascade realization [Eq. (13.15b)] and (iv) parallel re-
alization [Eq. (13.15c)]. These realizations are depieted in Figs. 13.5a, 13.5b, 13.5¢, and
13.5d, respectively. As mentioned earlier, the output of each integrator serves as a natural
state variable.

1. Canonical Forms

Here we shall realize the system using the first (controller) canonical form discussed
in Sec. 6.6-1. If we choose the state variables to be the three integrator outputs z1, z2,
and 3, then, according to Fig. 13.5a,

1 = 2
T2 = 3 (13.16a)
3 = —1221 — 1922 — 8z3 + f

Also, the output y is given by
y = 10z1 + 2z2 (13.16b)

Equations (13.16a) are the state equations, and Eq. (13.16b) is the output equation. In
matrix form we have

1 0 1 07 Nz 0
T3 | = 0 0 1 z2 | + {0 | f (13.178.)
3 _ =12 =19 —BJ T3 1
and A B
r5,
y=[10 2 0] [ (13.17b)
[ S———
c -

We can also realize H(s) by using the second (observer) canonical form (discussed in
Appendix 6.1), as shown in Fig. 13.5b. If we label the output of the three integrators from
left to right as the state variables vi1, v2, and w3, then, according to Fig. 13.5b,

v1 = —12v3 + 10f
U2 =v1 — 19v3 + 2f (13.183.)
1}3 =v2 — 8113

and the output y is given by
i Yy =3 (13.18b)

U1 0 0 -12 v1 10

Hence

(13.19a)

..x‘nﬁ,—’;’:\:

=T
=1 Riree
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and
{151

=[0 0 1]]|w2 (13.19b)
N, s
e

U3

Observe closely the relationship between the state-space descriptions of H (s) that use
the controller canonical form [Egs. (13.17)] and those using the observer canonical form
[Egs. (13.19)]. The A matrices in these two cases are the transpose of one another; also,
the B of one is the transpose of C in the other, and vice versa. Hence

(A)T=A
B)T=¢C (13.20)
(C)'=8B

This is no coincidence. This duality relation is generally true.!

2. Series Realization

The three integrator outputs wi, w2, and w3 in Fig. 13.5c are the state variables.
The state equations are

w =-w1+ f (13.21a)
we = 2w; — 3ws (13.21b)
w3 = Swsz + w2 — dws (13.210)
and the output equation is
Yy=ws

The elimination of w2 from Eq. (13.21c) by using Eq. (13.21b) converts these equations
into the desired state form

(I -1 0 0 wy 1
wa| =12 -3 0 wa |+ |0 f (13.22a)
w3 2 2 -4 w3 0
and
wy,
y=1{0 0 1] [we (13.22b)
w3

3. Parallel Realization (Diagonal Representation)

The three integrator outputs z1, 22, and z3 in Fig. 13.5d are the state variables. The
state equations are

shr=-—un+f
22=-322+f

za=—4zz3+ f (13.23a)
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and the output equation is
y=7%321-222+ 2z (13.23b)

Therefore, the equations in the matrix form are

N -1 0 07 [=] 1
22al=]0 =3 0 |+ 1| f (13.24a)
T 0 0 -4 _zsj 1
[z ]
y=[5 -2 2| |z (13.24b)
[ 23

(©® Computer Example C13.1

Solve Example 13.4 using MATLAB.

Caution: The convention of MATLAB for labeling state variables z1, T2, ...,T, in a
block diagram, such as shown in Fig. 13.5a, is reversed. What we label z; is zn, and z2 is
ZTn—1, and so on.

num=[2 10]; den=[1 8 19 12];

[A,B,C,D]=tf2ss(num,den)

% In order to find the transfer function from A, B, C, and D, use
[num, den]=ss2tf(A,B,C,D)

printsys(num,den)

A General Case

It is clear that a system has several state-space descriptions. Notable among
these are the canonical-form variables and the diagonalized variables (in the parallel
realization). State equations in these forms can be written immediately by inspec-
tion of the transfer function. Consider the general nth-order transfer function

H(S) . byms™ + bm—lSm_l 4+ o4 bis+bo (13 25&)
T s"+ap_15" 14 Fa1stag '

bns™ + b_18™ L 4.+ bys + b
(s — )\1)(3 - )\2) w8 — /\“)

k1 ko Kn
= cew - — 13.25b
s—)\1+s—/\2+ s— Ap ( )

Figures 13.6a and 13.6b show the realizations of H (s), using the controller
canonical form‘[Eq: (13.25a)] and the parallel form [Eq. (13.25b)], respectively.

The n integrator outputs z1, z2, ... , 2, in Fig. 13.6a are the state variables.
It is clear that

.’i:l =29

d:z =3
.......... (13.26a)
ETn_1 = Tn

—@p—1Tp — Op—2Tp—1 — -+ — @122 — agZ1 + f
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Fig. 13.6 Controller canonical and parallel realizations for an nth order LTIC system.

and output y is

(13.26b)

+‘hn$m+1

boxy + bizp + -+ -

y:

or

Z2

Tp—1

—a2 —Op—2 —0p-—1.

__al

L —ap

1

n

2

T

T

En

and
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z)

T2

y=1[bp by +++ bm 0 --- 0]

In
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(13.27b)

Observe that these equations (state equations and output equation) can be written

immediately by inspection of H (s).

The n integrator outputs 21, z9, ... , 2, in Fig. 13.6b are the state variables.

It is clear that

Z1=XMz1+f
29 = Aoza + f
Zn = Anzn~+ f
and
y=kiz1 + kozo + -+ + knzp,
or
[ 21 ] Ay 0 e 0 0"(31' r 17
z9 0 Ao --- 0 0 29 1.
i L e + f
Py 0 0 A1 O 2 q 1
Lzl Lo o 0 amdlaml L1l
and
P
z9
y=1[k1 k2 -+ kn-1 kn]
Zn—1
L Zn J

(13.28a)

(13.28b)

(13.29a)

(13.29b)

The state equation (13.29a) and the output equation (13.29b) can be written
immediately by inspection of the transfer function H(s) in Eq. (13.25b). Observe
that the diagonalized form of the state matrix [Eq. (13.29a)] has the transfer func-
tion poles as its diagonal elements. The presence of repeated poles in H(s) will

modify the procedure slightly. The handling of these cases is discussed in Sec. 6.6.
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Fig. 13.7 Realization of a second-order system.

It is clear from the above discussion that a state-space description is not unique.
For any realization of H (s) using integrators, scalar multipliers, and adders, a corre-
sponding state-space description exists. Since there are many possible realizations
of H(s), there are many possible state-space descriptions.

Realization

Consider a second-order system with a single input f, a single output y, and
two state variables, z; and z5. The system equations are

1 = a1121 + a1222 + b1 f

Ty = a2121 + agzz +baf (13.30a)

and
y = c1Z1 + coxg + df (1330b)

Figure 13.7 shows the block diagram of the realized system. The initial conditions
71(0) and x2(0) should be applied at Ny and Ny. This procedure can be easily
extended to general multiple-input, multiple-output systems with n state variables.

13.3 Solution of State Equations

The state equations of a linear system are n simultaneous linear differential
equations of the first order. We studied the techniques of solving linear differential
equations in Chapters 2 and 6. The same techniques can be applied to state equa-
tions without any modification. However, it is more convenient to carry out the
solution in the framework of matrix notation.
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These equations can be solved in both the time domain and frequency domain
(Laplace transform). The latter requires fewer new concepts and is therefore easier
to deal with than the time-domain solution. For this reason, we shall first consider
the Laplace transform solution. ‘

13.3-1 Laplace Transform Solution of State Equations

The kth state equation [Eq. (13.6a)] is of the form

Tk = ag121 + ak2T2 + - + @pnZn + bk f1 +brafo + -+ bijf; (13.31a)

We shall take the Laplace transform of this equation. Let

zi(t) <= Xi(s)
so that

2k(t) <= sXg(s) — zx(0
Also, let 0 (=) ©

fi(t) <= Fi(s)
The Laplace transform of Eq. (13.31a) yields
5Xk(s) —2k(0) = a1 X1(s) + agaXa(s) + -+ + arnXn(s) + br1 F1(s)
+ bkze(S) e smus bkij(s) (13.31b)

Taking the Laplace transforms of all n state equations, we obtain

X1(s) z1(0)] o @2 e o (s)
X2(s) z2(0) g21 622 -t G2n Xa(s)
s . =
Xn(s) .'Ln(O) anpy Qap2 *** Gpn Xn(s)
—_— N—— = N——
X(s) x(0) 3 X(s)
bir biz -+ by Fi(s)
ba1  ba2 -+ by Fa(s)
+ (13.32a)
bpi bn2 -+ bnj] [ Fj(s)
~ A
B F(s9)

Defining the vectors, as indicated above, we have

o sX(s) — x(0) = AX(s) + BF(s)
sX(s) - AX(s) = x(0) + BF(s)
and
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(sI — A)X(s) = x(0) + BF(s) (13.32b)

where I is the n x n identity matrix. From Eq. 13.32b, we have

X(s) = (s — A)7}[x(0) + BF(s)] (13:33a)
= &(s)[x(0) + BF(s)] (13.33b)

where
®(s) = (sI - A)™* (13.34)

Thus, from Eq. (13.33b),
X(s) = ®(s)x(0) + ®(s)BF(s) (13.35a)
and
x(t) = L7[®(s)]x(0) + g-l[a(s)BF(s)] (13.35b)

— o

zero-input component zero-state component

Equation (13.35b) gives the desired solution. Observe the two components of the
solution. The first component yields x(t) when the input f(t) = 0. Hence the
first component is the zero-input component. In a similar manner, we see that the
second component is the zero-state component.

| Example 13.5
Find the state vector x(t) for the system whose state equation is given by

x = Ax + Bf

22 L]
A= B = £(t) = u(t)
-36 -1 1

and the initial conditions are z1(0) = 2, z2(0) = 1.
From Eq. (13.33b), we have

X(s) = ®(s)[x(0) + BF(s)]

where

Let us first find ®(s). We have

10 -12 2 s+12 -2
(sI—A)=s — =
01 -36 -1 36 s+l

R G
s+a)(s49)  (s+4)(s+9
B(s) = (51 - A)l= (13.36a)
—36 s+12
GF)(a+9)  (s+4)(s+9)

and

Now, x(0) is given as

Also, F(s) =1, and

BF(s) =

— -
[

Il
—
@ |— ?l.—-
[

Therefore
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and

X(s) = ®(s)[x(0) + BF(s)]

841 2 6a+1
(s-+4)(=+8)  (s+4)(s+89) l: 3s }

s+l

s

—36 8412
L (s4+4)(s+9) (s+4)(s+9)

[ 2s% 43541
als+4)(s19)

s—59
L (G+d)(s19)
21 h
[35 _ 28, 4%
& S s-4-9
03 1]
= 4

L a4 PREY)

The inverse Laplace transform of this equation yields
1 21_—4t | 136 -9t
21(t) (ﬁ = soe e )u(t)

= (13.36Db)
z2(t) (_gsge—u + %e‘gt)u(t)

O Computer Example C13.2
Solve Example 13.5 using MATLAB.
Caution: See caution in Example C13.1.
A=[-12 2/3;-36 -1]; B=[1/3; 1];
C=[0 0]; D=0;
x0=[2;1];
t=0:.01:3; t=t’;
f=ones(length(t),1);
[y,x]=l1sim(A,B,C,D,f,t,x0);
plot(t,x) ©)

The Output

The output equation is given by

y =Cx+ Df
and

Y(s) = CX(s) + DF(s)

The substitution of Eq. (13.33b) into this equation yields
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C{®(s)[x(0) + BF(s)]} + DF(s)
C®(s)x(0) +[C®(s)B+ DJF(s) (13.37)
N’ ~ —r

zero-input response zero-state response

Y(s)

I

The zero-state response (that is, the response Y (s) when x(0)=0), is given by

Y(s) = [C®(s)B + D]F(s) (13.38a)

Note that the transfer function of a system is defined under the zero-state condition
[see Eq. (6.53)]. The matrix C®(s)B 4 D is the transfer function matrix H(s)

of the system, which relates the responses y1, y2, -, Uk to the inputs f1, f2, - »
, f5:
Bl |
it H(s) =C®(s)B+D (13.38b)
and the zero-state response is
Y (s) = H(s)F(s) (13.39)

The matrix H(s) is a k x j matrix (k is the number of outputs and j is the number
of inputs). The ijth element Hy;(s) of H (s) is the transfer function that relates the

output y;(t) to the input f;(t).

B Example 13.6
Let us consider a system with a state equation

R (A
- + (13.40a)
&2 —2 -3] |22 1 1] | f

and an output equation

Y1 1 07T 0 0
x1 f1
R | |10 (13.40b)
T2 f2
Y o 2] L 01
In this case,
10 0 0
_ 0o 1 10
A= B= c=|1 1| D=1 0 (13.40¢)
-2 =3 11
0 2 0 1

and

—1 543 1
s -1 GIn(FD) (a2
= (13.41)

®(s) = (sI—A)-1 = \:
2 s+3

-2 8
(s+1)(s+2) (s+1)(=4+2)

Hence, the transfer function matrix H(s) is given by
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H(s) =C®(s)B+D
1 0 i3 ; J 0 0

G52  I(aTD) 10
1 1

- s
GH1)(s+2) (s 1)(a+2)
L0 2 0 1

-

s+4 1
G2 GF)EF2)

=| B =+ (13.42)
2(s—2) 245342

L (s+1)(s+2) (s+1)(s+2)
and the zero-state response is

Y(s) = H(s)F(s)

Remember that the ijth element of the transfer function matrix in Eq. (13.42) represents
the transfer function that relates the output y;(t) to the input f;(t). Thus, the transfer
function that relates the output ys to the input f2 is Hs2(s), where .

82+55+2 .

B T

(® Computer Example C13.3

Solve Example 13.6 using MATLAB.

Caution: The common factor (s + 1) in two of the transfer functions in Eq. (13.42)
are canceled. The MATLAB answer gives transfer function with common factor.

A=[0 1;-2 -3]; B=[1 0;1 1];

C=([1 0;1 1;0 2]; D=[0 0;1 0;0 1];
[num1,denl]=ss2tf(A,B,C,D,1)
[num2,den2]=ss2tf(A,B,C,D,2)

Characteristic Roots (Eigenvalues) of a Matrix

It is interesting to observe that the denominator of every transfer function in
Eq. (13.42) is (s + 1)(s + 2) with the exception of Hgi(s) and Hgz(s), where the
cancellation of the factor (s+1) oceurs. This fact is no coincidence. We see that the
denominator of every element of ®(s) is |sI— A| because ®(s) = (sI—A)~!, and the
inverse of a matrix has its determinant in the denominator. Since C, B, and D are
matrices with constant elements, we see from Eq. (13.38b) that the denominator
of ®(s) will also be the denominator of H(s). Hence, the denominator of every
element of H(s) is |sI — A[, except for the possible cancellation of the common
factors mentioned earlier. In other words, the poles of all transfer functions of
the system are also the zeros of the polynomial |sI — A|. Therefore, the zeros
of the polynomial |sI — A| are the characteristic roots of the system. Hence, the
characteristic roots of the system are the roots of the equation

|sI—A|=0 (13.43a)
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Since |sI — A| is an nth-order polynomial in s with n zeros A1, Ag, ..., Ap, we can
write Eq. (13.43a) as

|sI— Al = 5"+ an_18"" 4+ +a15 + ag

=(s—=A)(s—Ag) (s —An) =0 (13.43b)
For the system in Example 13.6,
s 0 0 I
|sI - A| = -
0 s -2 -3
s =1
2 s+3
=% +35+2 (13.44a)
=(s+1)(s+2) (13.44b)

Hence
AM=-1 and Ap=-2

Equation (13.43) is known as the characteristic equation of the matrix A,
and A1, A2, ..., A, are the characteristic roots of A. The term eigenvalue,
meaning “characteristic value” in German, is also commonly used in the literature.
Thus, we have shown that the characteristic roots of a system are the eigenvalues
(characteristic values) of the matrix A.

At this point, the reader will recall that if A1, Ag, ..., A\, are the poles of the
transfer function, then the zero-input response is of the form

vo(t) = cre™t + coe™t + .+ cpetnt (13.45)
This fact is also obvious from Eq. (13.38). The denominator of every element of
the zero-input response matrix C®(s)x(0) is [sI —A| = (s — A1)(s — A2) - (s —
An). Therefore, the partial-fraction expansion and the subsequent inverse Laplace
transform will yield a zero-input component of the form in Eq. (13.45).
13.3-2 Time-Domain Solution of State Equations
The state equation is
’ ‘x = Ax + Bf (13.46)

We now show that the solution of the vector differential Equation (13.46) is
: ¢
Cx(t) = eA*x(0) + / eAC-TBE(r) dr (13.47)
0

Before proceeding further, we must define the exponential of the matrix appearing
in Eq. (13.47). An exponential of a matrix is defined by an infinite series identical
to that used in defining an exponential of a scalar. We shall define

A2t2 A3t3 AN .

At _ (PRSP
et =1+ At+ TR 3l +o o e st (13.484a)

O A kik
=% it (13.48b)
k=0

k!
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Thus, if
0 1
A= -1
2 1)
then B
0 1 0
At = b= (13.49)
2 A |2t t
and , g
A2¢2 0 1770 1742 2 17 42 t )
2| C— —2— = —2— = N (13.50)
x 2 1 2 1 2 3 +2 3{,—
and so on.

We can show that the infinite series in Eq. (13.48) is absolutely and uniformly
convergent for all values of t. Consequently, it can be differentiated or integrated
term by term. Thus, to find (d/dt)et, we differentiate the series on the right-hand

side of Eq. (13.48a) term by term:

d ar o, A%Z A%
T =A+AY+ g (13.51a)
A2 2 A3t3
=A[I+At+—§—+ 30 +]
= Aeh (13.51b)

Note that the infinite series on the right-hand side of Eq. (13.51a) also may be
expressed as

d At _ A2 A3
i —[I+At+ o + 3 S RRE A
=eMA
Hence
%eAt = Aeht = eMA (13.52)

Also note that from the definition (13.48a), it follows that

? =1 (13.53a)

%=y o

If we premultiply or postmultiply the infinite series for eA* [Eq. (13.48a)] by an
infinite series for e~At we find that

where

(e—At)(eAt) — (eAt)(e—At) =1 (13.53b)

In Sec. B.6-3, we show that
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¢ bgy = P o piQ
E(PQ)— a2 tP g

Using this relationship, we observe that
d d
E[e"“x] = (&;e—“)x +e A%
= —e MAx+e i (13.54)
We now premultiply both sides of Eq. (13.46) by e~A* to yield

e Atk = e At AX + e TABS (13.55a)
or

e A% — e AtAX = ¢ ABS (13.55b)

A glance at Eq. (13.54) shows that the left-hand side of Eq. (13.55b) is Z[e~41).

Hence
. [e™44] = e~ ABF
dt

The integration of both sides of this equation from 0 to ¢ yields

t
e_Atxl(t]:/ e~ ATBf(r) dr (13.56a)
or 0
t
Aty (t) — x(0) = / e~ATBE(r) dr (13.56b)
Hence .
t
e~ Atx = x(0) + / e ATBf(r)dr (13.56¢)
0

Premultiplying Eq. (13.56c) by et and using Eq. (13.53b), we have

t
x(t) = eAx(0) + / eAC-TBE(r) dr (13.57a)
N—— 0

zero-input component

J

v
zero-state component

This is the desired solution. The first term on the right-hand side represents z(t)
when the input f(t) = 0. Hence it is the zero-input component. The second term,
by a similar argument, is seen to be the zero-state component.

The results of Eq. (13.57a) can be expressed more conveniently in terms of the
matrix convolution. We can define the convolution of two matrices in a manner
similar to the multiplication of two matrices, except that the multiplication of two
elements is replaced by their convolution. For example,

[fl fz} [91 92] [(f1*91+f2*93) (f1% g2 + fa * ga)
* =
fa fa g3 94 (faxgr+ faxgs) (faxga+ fa*ga)

Using this definition of matrix convolution, we can express Eq. (13.57a) as
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x(t) = e2tx(0) + e™* + Bf(¢) (13.57Db)

Note that the limits of the convolution integral [Eq. (13.57a)] are from 0 to t.
Hence, all the elements of eA* in the convolution term of Eq. (13.57b) are implicitly
assumed to be multiplied by u(t).

The result of Eq. (13.57) can be easily generalized for any initial value of . It
is left as an exercise for the reader to show that the solution of the state equation

can be expressed as
t
x(t) = eAl-t)x(15) +/ eACTBS(r) dr (13.58)

to
Determining e/t

The exponential e required in Eq. (13.57) can be computed from the defini-
tion in Eq. (13.51a). Unfortunately, this is an infinite series, and its computation
can be quite laborious. Moreover, we may not be able to recognize the closed-form
expression for the answer. There are several efficient methods of determining eA*
in closed form. It is shown in Sec. B.6-5 that for an n x n matrix A,

eAt = Bl 4+ B1A + B2A% + .- 4 B, A" (13.59a)
where
Bo 1 A A2 . APt T rent
B1 v Xy X3 = AR ezt
Brn—1 1 X A2 . X2 ernt
and A1, Az, ..., A, are the n characteristic values (eigenvalues) of A.

We can also determine et by comparing Egs. (13.57a) and (13.35b). It is clear
that

et = £71[®(s)] (13.59b)
= L7Y(sI - A)7Y (13.59¢)

Thus, eA? and ®(s) are a Laplace transform pair. To be consistent with Laplace
transform notation, eA? is often denoted by #(t), the state transition matrix
(STM):

eAt = ¢(t)

B Example 13.7
Find the solution to the problem in Example 13.5 using the time-domain method.

For this case, the characteristic roots are given by

2
S+12 -3

|sI— Al = =5 +135+36=(s+4)(s+9)=0

36 s+1
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The roots are A\; = —4 and A2 = —9, so

Bo 1 —4]™?
61 - 1 -9
e = fol + SLA

ge—u_ée—gz LB + le—«_le—gz —12
5 5 0 1 5 o -36 -1

and

win
| S

_ (13.60)
3(_g4t 4. e=%) (ge—u Se—Qt)
The zero-input component is given by [see Eq. (13.57a)]
{ (_26—4: + ge—gt) %(e_‘” s8] 2
eMx(0) = [ :I
36 (g4t 4 o~0) (ge—qt _ ge-gc) 1
2
(:]_1.§e_4t + ‘ll—se_m)u(t)
= (13.61a)
(:g-ée_“ + %Qe_gt)u(t)

Note the presence of u(t) in Eq. (13.61a), indicating that the response begins at ¢ = 0.
The zero-state component is et x Bf [see Eq. (13.57b)], where

HES
Bf = u(t) =
1 u(t)

(Be ™+ Ee™™u(t) Z(e ™ — e )u(t) Lu(t)
L-e ™ +e%ut) (Be™- %e“gt)u(t)] ) [ u(t)

Note again the presence of the term u(t) in every element of e*. This is the case because
the limits of the convolution integral run from 0 to ¢ [Eq. (13.56)]. Thus

and

eAt « Bf(t) = [

[ (—%e"“ + %e‘g')u(t) «gu(t)  Fle™ —e™u(t) +u(?)
™« Bf(t) =

Bt dul) (3= e u sty

[—%e_“u(t) *u(t) + Ze u(t) * u(t)}
gem%u(t) x u(t) + 2e7u(t) * u(t)
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Substitution for the above convolution integrals from the convolution table (Table 2.1)
yields

Aapy o [ BT O A e'*")a(t)]
| —1(1— e *)u(t) + 1(1 — e*)u(t)
[(& + e - 415@~9‘)u(t)]

e — e Yu(?)

(o>

(13.61b)

The sum of the two components [Eq. (13.61a) and Eq. (13.61b)] now gives the desired

solution for x(t):
21(t) (a% - e + %ﬁe‘g‘)u(t)
x(t) = l ] =

za(t) (_—%36-41, + §5§e—9‘> u(t)

This result is consistent with the solution obtained by using the frequency-domain method
[see Eq. (13.36b)]. Once the state variables z1 and z2 are found for ¢ > 0, all the remaining
variables are determined from the output equation. [ |

(13.61c)

The Qutput
The output equation is given by
y(t) = Cx(t) + Df(t)

The substitution of the solution for x [Eq. (13.57)] in this equation yields

y(t) = CleAtx(0) + e * Bf(t)] + DE(t) (13.62a)
Since the elements of B are constants,

eAt « Bf(t) = 2B * f(2)

With this result, Eq. (13.62a) becomes

y(t) = C[eAtx(0) + eMB * f(t)] + Df(t) (13.62b)

Now recall that the convolution of f(t) with the unit impulse &(t) yields f(t). Let us
define a j x j diagonal matrix 6(t) such that all its diagonal terms are unit impulse

functions. It is then obvious that

8(t) » £(t) = f(t)
and Eq. (13.62b) can be expressed as

y(t) = CleAtx(0) + 2B * £(t)] + Dé(¢) * f(t) (13.63a)
= Ce™x(0) + [CeA'B + Dé(t)] * £(t) (13.63b)

With the notation ¢(t) for eAt, Eq. (13.63b) may be expressed as




810 13 State-Space Analysis

y(t) = Ca(t)x(0) + [Ce(t)B + Dé(t)] * f(t) (13.63c)
The zero-state response; that is, the response when x(0) =0, is
y(t) = [Ce(t)B + D6(t)] * £(t) (13.64a)
= h(t) * £(t) (13.64b)
where
h(t) = C¢(t)B + Dé(t) (13.65)

The matrix h(t) is a k x j matrix known as the impulse response matrix. The
reason for this designation is obvious. The ijth element of h(t) is hij(t), which
represents the zero-state response y; when the input fi(t) = 6(t) and when all other

inputs (and all the initial conditions) are zero. It can also be seen from Eq. (13.39)
and (13.64b) that

L{h(t)] = H(s)

n Example 13.8

For the system described by Eqs. (13.40a) and (13.40b), determine e®* using Eq.
(13.59b):

B(t) = ™ = L71B(s)

This problem was solved earlier with frequency-domain techniques. From Eq. (13.41),
we have

e GO
_ _1 s+1){(s+2 s+1)(s+2
8(t) = £ { . ! J

GIDEF?)  GFDED

- S S, N |
— £—l [s—{-l 842 s+1 s+2]
-2 2 =1 2
841 * s+2 s+1 + m
26—t _ g2t o=t — =2t
- [—2&”‘ +2e7 ety 26_%:'
The same result is obtained in Sec. B.6-5 by using Eq. (13.59a) [see Eq. (B.84)].

Also, 6(t) is a diagonal j x 7 or 2 x 2 matrix:

s5(t) 0
8(t) = [ ]
0 6(t) .
Substituting the matrices ¢(t), 6(t), C, D, and B [Eq. (13.40c)] into Eq. (13.65), we have

{1 0
2t —e72 e t—e 2 10 §it) 0
o= 1| I+ o7 )
0 6(t)
=| 6(t)+2e% e (13.66)

—2e7 427 et pe2 | |1 1
0
| —6e™* +8e™  §(t) — 22 4 42

[ 3¢t — 2% et — e
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The reader can verify that the transfer-function matrix H(s) in Eq. (13.42) is the Laplace
transform of the unit-impulse response matrix h(t) in Eq. (13.66). Il

13.4 Linear Transformation of Staté Vectors

In Sec. 13.1 we saw that the state of a system can be specified in several ways.
The sets of all possible state variables must be related—in other words, if we are
given one set of state variables, we should be able to relate it to any other set. We
are particularly interested in a linear type of relationship. Let x, za, ..., 2, and
wy, wa, ..., wy be two different sets of state variables specifying the same system.
Lef, these sets be related by linear equations as

w1 = p11%1 + p12Z2 + - + P1aln

w2 = p21Z1 + p22Za + -+ PonZn

(13.67a)
Wp = PplT1 + Pn2Z2 +  ** + Ppnln
or
wi P11 P12 Pin z1
wa P21 P22 - Po2n z2
= (13.67b)
Wn Pnl Pn2 Pnn Tn
w P x

Defining the vector w and matrix P, as shown above, we can write Eq. (13.67b) as

w = Px (13.67c)
and
x=P 1w (13.67d)

Thus, the state vector x is transformed into another state vector w through the
linear transformation in Eq. (13.67c).

If we know w, we can determine x from Eq. (13.67d), provided that P~ exists.
This is equivalent to saying that P is a nonsingular matrixt (|P| # 0). Thus, if P
is a nonsingular matrix, the vector w defined by Eq. (13.67¢) is also a state vector.
Consider the state equation of a system

x=Ax+Bf (13.68a)
If
w = Px (13.68b)
then .
x =P lw

1This condition is equivalent to saying that all n equations in Eq. (13.67a) are linearly independent;
that is, none of the n equations can be expressed as a linear combination of the remaining equations.
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and
x=P lw

Hence the state equation (13.68a) now becomes

P lw = AP lw+ Bf

or
w =PAP 'w 4+ PBf (13.68¢c)
= Aw + Bf (13.68d)
where
A =PAP! (13.69a)
and
B =PB (13.69b)

Equation (13.68d) is a state equation for the same system, but now it is expressed
in terms of the state vector w.
The output equation is also modified. Let the original output equation be

y = Cx + Df

In terms of the new state variable w, this equation becomes

y = C(P~'w) + Df
= Cw + Df
where

C=cp™! (13.69¢)

M Example 13.9
The state equations of a certain system are given by

il 0 il T 1
[ J s [ ] { } " { } o) (15.708
To -2 -3 T2 2

Find the state equations for this system when the new state variables w; and ws are

w1 =z1+ T2

we =1 — T2

w1 1 1 z1
wo 1 -1 T2

According to Eq. (13.70b), the state equation for the state variable w is given by

or

w=Aw -+ Bf
where [see Eq. (13.69)]
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and

Therefore
'ul)l -2 0 wi 3
= + f(t)
wo 3 -1 wa -1
This is the desired state equation for the state vector w. The solution of this equation

requires a knowledge of the initial state w(0). This can be obtained from the given initial
state x(0) by using Eq. (13.70b).

() Computer Example C13.4
Solve Example 13.9 using MATLAB.

A=[0 1;-2 -3]; B=[1; 2[;
P=[1 151 -1];
Ahat=P*A*inv(P)
Bhat=P*B ()

Invariance of Eigenvalues

We have seen (Sec. 13.3) that the poles of all possible transfer functions of a
system are the eigenvalues of the matrix A. If we transform a state vector from x
to w, the variables wy, wa, ..., w, are linear combinations of z1, z2, ... , z, and
therefore may be considered as outputs. Hence, the poles of the transfer functions
relating wq, wo, ... , wy, to the various inputs must also be the eigenvalues of matrix
A. On the other hand, the system is also specified by Eq. (13.68d). This means
that the poles of the transfer functions must be the eigenvalues of A. Therefore,
the eigenvalues of matrix A remain unchanged for the linear transformation of
variables represented by Eq. (13.67), and the eigenvalues of matrix A and matrix
A(A = PAP!) are identical, implying that the characteristic equations of A and
A are also identical. This result also can be proved alternately as follows.

Consider the matrix P(sI — A)P~1. We have

PI- AP '=PsIP! —PAP 1=sPIP 1 - A=5sI-A
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Taking the determinants of both sides, we obtain
[Pl|sT— A|[P7!| = [sI - A|
The determinants [P| and |P~}| are reciprocals of each other. Hence
|sT— A| = [sI — A| (13.71)
This is the desired result. We have shown that the characteristic equations of A

and A are identical. Hence the eigenvalues of A and A are identical.
In Example 13.9, matrix A is given as

S

The characteristic equation is

] -1
[sI—- A= =52 +3s4+2=0
2 s+3
Also
. -2 0
. ]
3 -1
and
. s+ 2 0
[sI—A|= =s24+354+2=0
-3 s+1

This result verifies that the characteristic equations of A and A are identical.

13.4-1 Diagonalization of Matrix A

For several reasons, it is desirable to make matrix A diagonal. If A is not
diagonal, we can transform the state variables such that the resulting matrix A is
diagonal.t One can show that for any diagonal matrix A, the diagonal elements
of this matrix must necessarily be A1, Ag, ..., Ap (the eigenvalues) of the matrix.
Consider the diagonal matrix A:

aq 0 0 O

0 a2 0 O
A=

0 0 0 a,

The characteristic equation is given by

TIn this discussion we assume distinct eigenvalues. If the eigenvalues are not distinct, we can
reduce the matrix to a modified diagonalized (Jordan) form.
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or
(s —a1)(s—az) - (s—an) =0

Hence, the eigenvalues of A are a1, a2, ..., @n- The nonzero (diagonal) elements
of a diagonal matrix are therefore its eigenvalues A1, Az, ..., An. We shall denote
the diagonal matrix by a special symbol, A:

AL 0 0 -+ 0
0 Mg 0 wee O

A= (13.72)
0 0 0 & Apl

Let us now consider the transformation of the state vector A such that the resulting
matrix A is a diagonal matrix A.
Consider the system

x = Ax + Bf

We shall assume that A1, Az, - .. , An, the eigenvalues of A, are distinct (no repeated
roots). Let us transform the state vector x into the new state vector z, using the
transformation

z = Px (13.73a)
Then, after the development of Eq. (13.68c), we have

%z = PAP 'z + PBf (13.73b)

We desire the transformation to be such that PAP ! is a diagonal matrix A given
by Eq. (13.72), or

z = Az + Bf (13.73¢)
Hence
A=PAP! (13.74a)
or
AP =PA (13.74b)

We know A and A. Equation (13.74b) therefore can be solved to determine P.

B Example 13.10
Find the diagonalized form of the state equation for the system in Example 13.9.

In this case,
0 1
A_ —
-2 -3
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We found A\; = —1 and A3 = —2. Hence

-1 0
A=
0 -2
and Eq. (13.74b) becomes
—4 0] [p11 P12 P11 P12 0 1
0 =2 |pa1 p22 P21 P22 -2 -3

Equating the four elements on two sides, we obtain

—p11 = —2pi12 (13.75a)
—p12 = P11 — 3p12 (13.75b)
—2p21 = ~2p22 (13.75¢)
—2p22 = pa1 — 3pz2 (13.75d)

The reader will immediately recognize that Egs. (13.75a) and (13.75b) are identical. Sim-
ilarly, Eqgs. (13.75c) and (13.75d) are identical. Hence two equations may be discarded,
leaving us with only two equations [Egs. (13.75a) and (13.75¢)] and four unknowns. This
observation means there is no unique solution. There is, in fact, an infinite number of so-
lutions. We can assign any value to p11 and ps; to yield one possible solution.t If p11 = k3
and pg1 = kg, then from Egs. (13.75a) and (13.75¢) we have pi2 = k1/2 and p22 = ka:

ky
ki 3

P= (13.75¢)
k2 k2

We may assign any values to k1 and k2. For convenience, let k3 = 2 and k2 = 1. This
substitution yields
2 1

P= (13.75¢)
1 1

The transformed variables [Eq. (13.73a)] are
21 -2 1 Tri 2.’D1 + T2

- = (13.76)
22 1 T2 1 + T2

Thus, the new state variables z; and z2 are related to z; and z2 by Eq. (13.76). The
system equation with z as the state vector is given by [see Eq. (13.73¢)]

% = Az + Bf

1If, however, we want the state equations in diagonalized form, as in Eq. (13.29a), where all
the elements of B matrix are unity, there is a unique solution. The reason is that the equation
B = PB, where all the elements of B are unity, imposes additional constraints. In the present

= . vz . . — 1 _ —- il — 1 . .
example, this condition will yield p11 = 3, p12 = 7, p21 = 5, and pa2 = 3. The relationship
between z and x is then

21 = %:Bl + %.’82 and =z = %:El + %.’1:2
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Z 7 %
~1 4 =7 | g
£ v
f
-0 i
2 o)
1 P
g 5 D G
A
2
1
f

= A, (b)

"

o
M
*
e
4
A A

where
R 2 1 1 4
I 2 3
Hence
21 -1 0 z21 4
= + F (13.77a)
Z'J 0 -2 {z2‘| 3
or
2 =—21+4f
2 = —220 + 3f (13.77b)

Note the distinctive nature of these state equations. Each state equation involves only one
variable and therefore can be solved by itself. A general state equation has the derivative of
one state variable equal to a linear combination of all state variables. Such is not the case
with the diagonalized matrix A. Each state variable z; is chosen so that it is uncoupled
from the rest of the variables; hence a system with n eigenvalues is split into n decoupled
systems, each with an equation of the form

#; = M\iz; + (input terms)
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This fact also can be readily seen from Fig. 13.8a, which is a realization of the system
represented by Eq. (13.77). In contrast, consider the original state equations [see Eq.
13.70a)]

&1 =2 + f(t)
o = —221 — 3z2 + 2f(t)

A realization for these equations is shown in Fig. 13.8b. It can be seen from Fig. 13.8a
that the states z1 and 2 are decoupled, whereas the states z, and zz (Fig. 13.8b) are
coupled. It should be remembered that Figs. 13.8a and 13.8b are simulations of the same
system.t H

(® Computer Example C13.5
Solve Example 13.10 using MATLAB.
Caution: The answer for B is not unique.

A=[0 1;-2 -3]; B=[1; 2J;
[V, L]=eig(A);
P=inv(V);
Lambda=P*A*inv(P);
Bhat=P*B (0

13.5 Controllability and Observability

Consider a diagonalized state-space description of a system

% = Az + Bf (13.78a)
and R

Y = Cz + Df (13.78b)
We shall assume that all n eigenvalues A1, Az, ..., A, are distinct. The state

equations (13.78a) are of the form
Z.m—_—)\mzm‘*‘amlfl+5m2f2+"'+z’mjfj m=12...n

If byiy Dorisy - o - , Emj (the mth row in matrix ]:3») are all zero, then
Zm = AmZm

and the variable z,, is uncontrollable because z,, is not connected to any of the
inputs. Moreover, zp, is decoupled from all the remaining (n — 1) state variables
because of the diagonalized nature of the variables. Hence, there is no direct or
indirect coupling of z,, with any of the inputs, and the system is uncontrollable. In
contrast, if at least one element in the mth row of B is nonzero, z,, is coupled to
at least one input and is therefore controllable. Thus, a system with a diagonalized

tHere we only have a simulated state equation; the outputs are not shown. The outputs are
linear combinations of state variables (and inputs). Hence, the output equation can be easily
incorporated into these diagrams (see Fig. 13.7).

i




13.5 Controllability And Observability 819

state [Eqgs. (13.78)] is completely controllable if and only if the matrix B has no row

of zero elements.
The outputs [Eq.(13.78b)] are of the form

J
yi =¢Caz1 + Cizza+ -+ + Cinzn + Z dim fm
m=1

If ¢4, = 0, then the state z,, will not appear in the expression for y;, Since all the
states are decoupled because of the diagonalized nature of the equations, the state
zm cannot be observed directly or indirectly (through other states) at the output
yi. Hence the mth mode e** will not be observed at the output yi. If é1me,s é2m, - - -
s €km (the mth column in matrix C) are all zero, the state z,, will not be observable
at any of the k outputs, and the state z,, is unobservable. In contrast, if at least
one element in the mth column of C is nonzero, z;, is observable at least at one
output. Thus, a system with diagonalized equations of the form in Egs. (13.78) is
completely observable if and only if the matrix C has no column of zero elements.
In the above discussion, we assumed distinct eigenvalues; for repeated eigenvalues,
the modified criteria can be found in the literature.!+?

If the state-space description is not in diagonalized form, it may be converted
into diagonalized form using the procedure in Example 13.10. It is also possible
to test for controllability and observability even if the state-space description is in
undiagonalized form.!»2}

B Example 13.11
Investigate the controllability and observability of the systems in Figs. 13.9a and

13.9b.

(2)

r <

s-1 1
s+l s-1

Fig. 13.9 Systems for Example 13.11.

tWe can show that a system is completely controllable if and only if the n X nj composite matrix
[B, AB, A%B, ..., A™"1B] has a rank n. Similarly, a system is completely observable if and

only if the n X nk composite matrix [C’, A'C’, A’2C/, ..., A'*"1C’] has a rank n.
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In both cases, the state variables are identified as the two integrator outputs, z1 and
z2. The state equations for the system in Fig. 13.9a are

s1=x1+f
Lo =T1 — T2 (13.79)
and
y=zT1 — 2x2
Hence
1 0 1
A= , B= , C=[1 -2], D=0
1 -1 0
s—1 0
|sI— A| = =(s—1)(s+1)
-1 s+1
Therefore
=1 and Az =-—1
and
1 0
A= (13.80)
0 -1

We shall now use the procedure in Sec. 13.4-1 to diagonalize this system. According to
Eq. (13.74b), we have

1 0] [pu1 pi2 pun pi2| (1 O
0 —1] |pa1 p22 P21 P22 1 -1
The solution of this equation yields
p1z2 =0 and — 2p21 = p22

Choosing p11 = 1 and p21 = 1, we have

[1 0 ]

p =

1 ~2

) 1 01t 1

B=PB= : = (13.81a)
1 -2 o 1

All the rows of B are nonzero. Hence the system is controllable. Also,

=Cz (13.81b)

}=[o 1]

and
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The first collfmn of C is zero. Hence the mode z; (corresponding to Ay = 1) is unobservable.
The syétem is therefore controllable but not observable. We come to the same conclusion
by realizing the system with the state variables 2; and z2, whose state equations are

:

z=Az+Bf
y=0Cz

According to Eqgs. (13.80) and (13.81), we have

znr=zn1+f
Za=—z2+f
and
y=z

f
- (@
1
s—1
1
s+ 1

Fig. 13.10 Equivalent of the systems in Fig. 13.9.
Figure 13.10a shows a realization of these equations. It is clear that each of the two modes

is controllable, but the first mode (corresponding to A = 1) is not observable at the output.
The state equations for the system in Fig. 13.9b are

1 =—-z1+f

£ =-=2z1+ T2+ f
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s+1 0
[sI—-A|= =(s+1)(s—-1)
-1 s-1
so that A\ = —1, A2 =1, and
-1 0
A= (13.83)
01

Diagonalizing the matrix, we have

1 Of |p11 pr2 P11 P12 -1 0
0 -1 |pa1 p22 p21 P22 -2 1
The solution of this equation yields p11 = —pi2 and p22 = 0. Choosing p11 = —1 and

p21 = 1, we obtain
-1 1
P =
1 0

-1 1 1 0
] [ ] _ [ ] (13540
1 0 1 1

0 1
C=CP'=]0 1][ ]:[1 1] (13.84b)
11

and

B=PB=

The first row of B is zero. Hence the second mode (corresponding to A1 = 1) is not
controllable. However, since none of the columns of € vanish, both modes are observable
at the output. Hence the system is observable but not controllable.

We reach to the same conclusion by realizing the system with the state variables 21
and z2. The two state equations are

%z =Az+Bf
y=0Cz

From Egs. (13.83) and (13.84), we have

Z1=21
Za=-—22+f
and thus
Yy =21+22 (13.85)

Figure 13.10b shows a realization of these equations. Clearly, each of the two modes is
observable at the output, but the mode corresponding to A\; = 1 is not controllable. Il

Q Computer Example C13.6
Solve Example 13.11 using MATLAB.

A=[1 0;1 -1]; B=[1; 0]; C=[1 -2];
[V, L]=eig(A);
P=inv(V);



13.6 State-Space Analysis of Discrete-Time Systems 823

Ahat=P*A*inv(P);
Bhat=P*B
Chat=C*inv(P) ()

13.5-1 Inadequacy of the Transfer Function Description of a System

Example 13.11 demonstrates the inadequacy of the transfer function to describe

an LTI system in general. The systems in Figs. 13.9a and 13.9b both have the same

transfer function i

s+1

Yet the two systems are very different. Their true nature is revealed in Figs. 13.10a
and 13.10b, respectively. Both the systems are unstable, but their transfer function
H(s) = H_Ll does not give any hint of it. The system in Fig. 13.9a appears stable
from the external terminals, but it is internally unstable. The system in Fig. 13.9b,
on the other hand, will show instability at the external terminals, but its transfer
function H(s) = H%l is silent about it. The system in Fig. 13.9a is controllable but
not observable, whereas the system in Fig. 13.9b is observable but not controllable.

The transfer function description of a system looks at a system only from the
input and output terminals. Consequently, the transfer description can specify only
the part of the system which is coupled to the input and the output terminals.
Figures 13.10a and 13.10b show that in both cases only a part of the system that
has a transfer function H (s) = s—_}_—l is coupled to the input and the output terminals.
This is the reason why both systems have the same transfer function H(s) = ﬁ

The state variable description (Egs. 13.79 and 13.82), on the other hand, con-
tains all the information about these systems to describe them completely. The
reason is that the state variable description is an internal description, not the ex-
ternal description obtained from the system behavior at external terminals.

Mathematically, the reason the transfer function fails to describe these systems
completely is the fact that their transfer function has a common factor s — 1 in
the numerator and denominator; this common factor is canceled out with a conse-
quent loss of the information about these systems. Such a situation occurs when
a system is uncontrollable and/or unobservable. If a system is both controllable
and observable (which is the case with most of the practical systems) the transfer
function describes the system completely. In such a case the internal and external
descriptions are equivalent.

H(s)=

13.6 State-Space Analysis of Discrete-Time Systems

We have shown that an nth-order differential equation can be expressed in
terms of n first-order differential equations. In the following analogous procedure,
we show that an nth-order difference equation can be expressed in terms of n first-
order difference equations.

Consider the z-transfer function

by z™ + bm_lzm_l + -+ b1z+bo

Hial =
2] 2"+ an_12"" 14+ --+aiz+ap

(13.86a)
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by
; 4
X, (k]

S Jz— T

L+ l[k ] % [k]

3

i
y

— a
I . dq

Fig. 13.11 Controller canonical realization of an nth-order discrete-time system.

The input f[k] and the output y[k] of this system are related by the difference
equation

(BE™ + an—1E™ '+ + a1 E + ag)ylk] =
(bmE™ 4+ b1 E™ 4+ b1E + bo) f[k]  (13.86b)

The controller canonical realization of this equation is illustrated in Fig. 13.11.
Signals appearing at the outputs of n delay elements are denoted by z1[k], z2[k],

., nlk]. The input of the first delay is z, [k + 1]. We can now write n equations,
one at the input of each delay:

R —
:Ez[k‘ + 1] = wg[k]

.................. (13.87)
Tn_1(k + 1] = zn[k]
znlk + 1] = —agz1[k] — a12fk] — -+ - — an—12n[k] + F[K]
and
y(k) = boz1(k) + brza(k) + -+ + bmTm1(k) (13.88)

Equations (13.87) are n first-order difference equations in n variables z1(k), z2(k),

., zn(k). These variables should immediately be recognized as state variables,
since the specification of the initial values of these variables in Fig. 13.11 will
uniquely determine the response y[k] for a given f[k]. Thus, Egs. (13.87) repre-
sent the state equations, and Eq. (13.88) is the output equation. In matrix form we
can write these equations as
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r ozl +1] 7 r 0 1 o -~ 0 0 771 zilk] 7
za[k + 1] 0 0 1 .=« 0 0 z2[k]
.'En_l[kt + 1] 0 0 0o --- 0 1 xn_l[k]

- 11:1AIA7+ 1| = ;‘10 —a1 —a2 ' —ap-2 "an—l-J L -'En[k] .

x[bt1] A x[k]

and

i walk]

z (k]
ylkl=[bo b1 - bm]
c

_mm+1[k]-

In general,

x[k + 1] = Ax[k] + Bf[k]

ylk] = Cxlk] + Df{k]

825

flk]

(13.89b)

(13.90a)
(13.90b)

Here we have represented a discrete-time system with state equations in controller
canonical form. There are several other possible representations, as discussed in
Sec. 13.2. We may, for example, realize the system by using a series, parallel, or
observer canonical form. In all cases, the output of each delay element qualifies as
a state variable. We then write the equation at the input of each delay element.

The n equations thus obtained are the n state equations.

13.6-1 Solution in State-Space
Consider the state equation ’
x[k + 1] = Ax[k] + Bffk]

From this equation it follows that

x[k] = Ax[k — 1] + Bffk — 1]
and

x[k — 1] = Ax[k — 2] + Bf[k — 2]
x[k — 2] = Ax[k — 3] + Bf[k — 3]

Substituting Eq. (13.92b) in Eq. (13.92a), we obtain

(13.91)

(13.92a)

(13.92b)
(13.92¢)
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x[k] = A%x[k — 2] + ABflk — 2] + Bf[k — 1]
Substituting Eq. (13.92¢) in this equation, we obtain
x[k] = A%x[k — 3] + A’Bffk — 3] + ABflk — 2] + Bffk — 1]
Continuing in this way, we obtain

x[k] = AFx[0] + A*1Bf0] + A*?Bf[1] + - + Bfk — 1]

k—1
= AFx[0] + > AFTIIBA] (13.93a)
7=0

The upper limit on the summation in Eq. (13.93a) is nonnegative. Hence k > 1,
and the summation is recognized as the convolution sum

AF 1k — 1) * Bflk]

Hence
x[k] = A*x[0] + AF tu[k — 1] + Bf{k] (13.93b)
N aad b g — 4
zero-input zero-state
and
y[k] = Cx + Df
k—1 )
= CAkx[0] + ) CA*'7Bflj] + Df (13.94a)
Jj=0
= CAFx[0] + CA¥tu[k — 1] » Bf[k] + Df (13.94b)

In Sec. B.6-5, we showed that

A* = Bol + BrA + BoA% + -+ fr 1 AT (13.95a)

where (assuming n distinct eigenvalues of A)

Bo 1 A A2 e ATTITR R
By 1 oa A3 e 237 A%
= (13.95b)
Brn-1 1 A A2 ...oant X
and A1, A2, ..., An are the n eigenvalues of A.

We can also determine A from the z-transform formula, which will be derived
later in Eq. (13.102):

AF = Z71T - 271A) 7] (13.95¢)
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B Example 13.12

Give a state-space description of the system in Fig. 13.12. Find the output y[k] if the
input f[k] = u[k] and the initial conditions are z1[0] = 2 and z2[0] = 3.

The state equations are [see Eq. (13.89)] .

|:z1[k + 1]} [ 0 1] rl[k]} [0}
= £ f (13.96a)
zolk + 1] | % 2| |w2lK] 1

and
:cl[k]
y[k] =[-1 5] (13.96b)
z2[k]
To find the solution [Eq. (13.94)], we must first determine AF. The characteristic equation
of A is
A -1
5 1 1 1
M—-A|l= =X -2\ —=(,\——)(——)=
! ! 1 _5 6 * 6 3 g 2 4
6 6
Hence, A1 = 3 and X2 = 1 are the eigenvalues of A and [see Eq. (13.95)]

Ak:,@ol-l—ﬂlA
where [see Eq. (B.95b)]
[ﬁo] [1 : "Té)k 3 2] [ [ 3@ -2
a) 13 <%>J_ 6 o6 l@*] [-s@*+e@™

10 0 1
AF=(3(3)7F -2(2)7") [ ] +[-6(3)* +6(2)7"] { ]
01

and

5
6

i

[3(3)—’c -2(2)7F —6(3)7F+ 6(2)"“}
= (13.97)

@ F-@F 237" +3@)7

We can now determine the state vector x[k] from Eq. (13.93b). Since we are interested in
the output y(k], we shall use Eq. (13.94b) directly. Note that
CA* = [-1 5]AF=[23)*-3@2)™* -4(3)™"+ 9(2)~*] (13.98)

and the zero-input response is CAFx[0], with

2
3

Hence, the zero-input response is :
CA*x[0] = —8(3)F +21(2)" (13.99a)

The zero-state component is given by the convolution sum of CA* ufk — 1] and Bffk].
Using the shifting property of the convolution sum [Eq. (9.46)], we can obtain the zero-
state component by finding the convolution sum of CA*u[k] and Bf{k] and then replacing
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x,[k+1]

2l x (K] ¥k

FIk] DI

e
0

* 5/6

1/6

Fig. 13.12 System for Example 13.12.

k with k& — 1 in the result. We use this procedure because the convolution sums are listed
in Table 9.1 for functions of the type f[k]u[k] rather than f[kJu[k — 1].

0
CA*u[k] * Bf[k] = [2(3)7F - 3(2) 7% —4(3)7* +9(2)7*) { [”}
wmwiw

= —4(3) 7% « uk] +9(2) * * ulk]

Using Table 9.1 (Pair 2a), we obtain

_ 3= (k1) _ g (k+1)
CAFuk] xBf[k] = —4 [1-13_—L+] ulk] + 9 [%—] ulk]
a 2

=12 + 6(3~ 1y — 18(27* ) ulk]
Now the desired (zero-state) response is obtained by replacing & by k — 1. Hence

CA u[k] * Bf[k — 1] = [12 + 6(3) ™ — 18(2) " *Julk — 1] (13.99b)
It follows that
ylk] = [-8(3) ™ + 21(2) "Fulk] + [12 + 6(3)* — 18(2) *Julk — 1] (13.100a)

This is the desired answer. We can simplify this answer by observing that 12 + 6(3)_'c —
18(2) % = 0 for k = 0. Hence, u[k — 1] may be replaced by u[k] in Eq. (13.99b), and

ylk) = [12 — 2(3) 7" + 3(2) *Julk] " (13.100b)
|

(® Computer Example C13.7
Solve Example 13.12 using MATLAB.

A=[0 1;-1/6 5/6]; B=[0; 1]; C=[-1 5]; D=0;
x0=(2;3];

k=0:25;

u=ones(1,26);

[y,x]=dlsim(A,B,C,D,u,x0);

stem(k,y) ©)
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(® Computer Example C13.8

829

Using MATLAB find the zero-state response of the system in Example 13.12.

A=[0 1;-1/6 5/6]; B=[0; 1]; C=[-1 5]; D=0;
[num,den]=ss2tf(A,B,C,D);

k=0:25;

u:ones(l:length(k));

y=filter(num,den,u);

stem(k,y) O)

13.6-2 The 2-Transform Solution
The z-transform of Eq. (13.91) is given by

zX[z] — zx[0] = AX[z] + BF[z]

Therefore
ond (2I - A)X[z]) = 2x[0] + BF[z]
X([z] = (21 — A)"12x[0] + (21 — A)"'BF[¢]
= (I-2"1A)"x[0] + (s — A)"!BF[z]
Hence

x[k] = Z7H({I - 27T A) T Yx[0] + 27 (21 - A)‘lBF[z]]l

zero-input component zero-state component

A comparison of Eq. (13.101b) with Eq. (13.93b) shows that
A=z I - 2"1A))

The output equation is given by

Y|[z] = CX][z] + DF|z]

= C[(I - 271A)71x[0] + (I — A)"'BF[z]] + DF[z]

= C(I - 27'A)"x[0] + [C(zI — A)"'B + D|F[z]
=C(I—2"'A)"x[0] + H[z|F[z]
" e

zero-input response zero-state response

where

H[z] =C(zI- A )B+D

(13.101a)

(13.101b)

(13.102)

(13.103a)

(13.103b)

Note that H[z] is the transfer function matrix of the system, and Hj;[z], the ijth
element of H[z], is the transfer function relating the output y;(k) to the input f;(k).

If we define h[k] as
h(k] = 2~ [H]
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then h[k] represents the unit impulse function response matrix of the system. Thus,
hij[k], the ijth element of h(k), represents the zero-state response y;(k) when the
input f;(k) = 6[k] and all other inputs are zero.

Bl Example 13.13
Using the z-transform, find the response y[k] for the system in Example 13.12.
According to Eq. (13.103a)

(1 =L 7712
S AN

[ =(6z—5) Gz
6z4 —~Bzf1  B2Z—hz |1

6z
L 627 =65=41 B —bz41

1322 — 3z (52 — 1)z
22— 3z+ % -

Therefore
ylk] = [-8(3) " +21(2) “+12+6(3)F — 18(2) "Juls) W

"
zero-state response

zero-input response

Linear Transformation, Controllability, and Observability

The procedure for linear transformation is parallel to that in the continuous-
time case (Sec. 13.4). If w is the transformed-state vector given by
w = Px
then
wlk + 1] = PAP 'w[k] + PBf
and

y[k] = (CP™ 1w + Df

Controllability and observability may be investigated by diagonalizing the matrix.

13.7 Summary

An nth-order system can be described in terms of n key variables—the state
variables of the system. The state variables are not unique, but can be selected
in a variety of ways. Every possible system output can be expressed as a linear
combination of the state variables and the inputs. Therefore the state variables
describe the entire system, not merely the relationship between certain input(s) and
output(s). For this reason, the state variable description is an internal description
of the system. Such a description is therefore the most general system description,
and it contains the information of the external descriptions, such as the impulse
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response and the transfer function. State-variable description can also be extended
to time-varying parameter systems and nonlinear systems. An external system
description may not describe a system completely.

The state equations of a system can be written directly from the knowledge
of the system structure, from the system equations, or from the block diagram
representation of the system. State equations consist of a set of n first-order differ-
ential equations and can be solved by time-domain or frequency-domain (transform)
methods. Because a set of state variables is not unique, we can have a variety of
state-space descriptions of the same system. It is possible to transform one given
set of state variables into another by a linear transformation. Using such a trans-
formation, we can see clearly which of the system states are controllable and which
are observable.
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Problems

13.1-1 Convert each of the following second-order differential equations into a set of two

first-order differential equations (state equations). State which of the sets represent
nonlinear equations.

(a) y+10p+2y=f
(b) §+2e¥y+logy = f
() G+ ey + d2(y)y = f
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Fig. P13.2-1

13.2-1 Write the state equations for the RLC network in Fig. P13.2-1.

13.2-2 Write the state and output equations for the network in Fig. P13.2-2.

13.2-3 Write the state and output equations for the network in Fig. P13.2-3.

13.2-4 Write the state and output equations for the electrical network in Fig. P13.2-4.

Write the state and output equations for the network in Fig. P13.2-5.
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